Countability & Uncountability
Uncountable sets

Definition 20.1

An infinite set A is called uncountable or uncountably infinite if it is not
countable: that is, if there is no bijection from N to A (i.e. [N| < |A]).

We have not yet encountered any sets that we have proven to be
uncountable.

Q and R are dense. So one might suspect that both Q and R are
uncountable.
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Countability & Uncountability

(0, 1) is uncountable

Theorem 20.2

The interval (0, 1) is uncountable.
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Countability & Uncountability

(0, 1) is uncountable

Suppose (0,1) is countable. Then there is a bijection ¢ : N — (0, 1).
Let a;; be the jth decimal digit of ¢(i). [No infinite tails of 9s]
n | ¢(n)

0. ann a;p a3 ams a;s ae

dp1 Az aAz3 A4 QaAz5 Q26

d31 4a32 az3 a34 az5 aze

Aq1 Q42 Q43 A4 45 Ase

ds1 a2 ads3 dAs4 Ass  Asp

A1 3ds2 A3 As4 A5 Ase

OO, WNPRF
cNeoNeoNeNel

Read the diagonal to get N; = 0.a7a2a33 - - .

Let N, = 0.b1bsbs - - - where each b; is different from a;;.

N, € (0,1), so N, = ¢(k) for some k € N.

But the kth digit of Ny, by is different from the kth digit of ¢(k), ay.
Contradiction.
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Countability & Uncountability
R
Theorem 20.3
R is uncountable.

We want to show that |N| < |R|.
Recall that |(—7/2,7/2)| = |R| (use tan).
Now, f : (0,1) — (—n/2,7/2), where

1
x.—>7r(x—§)

is a bijection. Thus |(0,1)| = |(—7/2,7/2)| = |R|.
But (0, 1) is uncountable, so |R| = |(0,1)| > |N|. O
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Schroder—Bernstein Theorem

Schroder—Bernstein Theorem

Theorem 21.1 (Schroder—Bernstein)
Let Aand B be setsand letf : A — B and g : B — A be injections.
Then |A| = |B|. More succinctly:

(Al < Bl) A (Bl < |A])) = (IAl=B)).
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Schroder—Bernstein Theorem

Schroder—Bernstein Theorem

We have injectionsf : A—Bandg:B — A.

If f(a) = b, call a the parent of b.
If g(b) = c, call b the parent of c.
(An element has at most one parent.)

Let z € AUB. The ancestral chain of z is the unique longest sequence
Zp,21, ... such that zop = z and z;, is the parent of z; for each i.

If the ancestral chain for z is finite, then the index of its last element is
the depth of z; otherwise z has infinite depth.
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Schroder—Bernstein Theorem

Schroder—Bernstein Theorem

Ae, Be even
Ao, Bg are the subsets of A, B of odd -depth elements.
A, Bso infinite

Notice that f : A — B maps:

Ac t0o Bg, Ag t0 Be, and A to B..
Similarly, g : B — A maps:

Be to Ag, B, t0 A, and B, t0 A,

An element of A, U By U Ax U By, always has a parent; an element of
Ae U Be may have no parent.
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Schroder—Bernstein Theorem

Schroder—Bernstein Theorem

Defineh: A — B by

h(a):{f(_al) facAeUA,
g (a) ifaeA..

This mapping is defined everywhere since g—1(a) exists and is unique
foralla € Ag.
Let a;,a; € A with h(a;) = h(ay).
O Ifh(a;) = h(ay) lies in Be, then a;,a, € A,. So
g~*(a1) = h(a1) = h(az) = g~*(az). So
a1 =9(9 *(a1)) = 9(9~*(az)) = a.
@ Ifh(a;) = h(ay) liesin B, UB, then ag,a, € Ag UA,. SO
f(a;) = h(ay) = h(az) = f(az). But f is injective, so a; = a,.
Thus h is injective.
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Schroder—Bernstein Theorem

Schroder—Bernstein Theorem

f(a) ifaec A UAL,

h:A— B, h(a) =
@) {g—l(a) ifa e Ao

Choose b € B.
O Ifb e B, leta=g(b). Thenh(a) =g~*(g(b)) = b.
©Q Ifb € B, UB, then b has a parent a € A with f(a) = b. In fact, a
must lie in Ac UA, so h(a) =f(a) = b.
Thus h is surjective.
Therefore h is a bijection from A to B and thus |A| = |B|.
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Schroder—Bernstein Theorem
Deferred proof

Theorem (Part 4 of Thm. 19.20)

If |JA] < |B| and |B| < |C| then |A| < |C]|.

Suppose |A| < |B|and |[B| < |C|. Letf :A—Bandg:B — C be
injections. Thengof : A — C is an injection.

Suppose h : A — C is a bijection. Thenf oh~! : C — B is an injection.
Applying the Schréder—Bernstein Theorem to f o h—1 and g shows that
|B| = |C|, which is a contradiction.

Hence |A| < |C|.
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Schroder—Bernstein Theorem
Countability of N x N

Recall that N x N is countable.

Y(1,1) ?(1,2) *(1,3) "(1,4)
/ / / /
’(2,1) °(2,2) %(2,3) 2(2,4)
/ / /
°(3,1) °(3,2) 3(3,3) 18(3,4)
7 /
10(4’ 1) 14(4’ 2) 19(473) 25(4’4)
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Schroder—Bernstein Theorem
Countability of N x N

Formally, the required mappingisf : N x N — N, where

X+y—2

>

i=1

(X,y) — +X.

This is a bijection from N x Nto N. So |N x N| = |N]|.
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Schroder—Bernstein Theorem
Countability of Q
Q is countable.

Proof.
Defineg : Q — (Z x N) by p/q — (p,q), where p and g are coprime.

g is an injection. Let h be a bijection from Z to N. So the mapping
k:Q— N x N, where
p/g— (h(p),q)

(p and g again being coprime), is an injection. So |Q| < |N|.
The inclusion N C Z C Q implies |N| < |Q].
So, by the Schréder—Bernstein Theorem, |Q| = |N|. O
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