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ABSTRACT. Let G be the group of order-preserving automorphisms of the ratio-
nals Q, or the group of colour-preserving automorphisms of the C-coloured ran-
dom graph Rc. We show that given any non-identity f € G, there exists g € G
such that every automorphism in G is the limit of a sequence of automorphisms
generated by f and g. Moreover, if, in some sense, f has no finite structure, then g
can be chosen with a great deal of flexibility.

1. INTRODUCTION AND STATEMENT OF THE MAIN THEOREMS

In this paper we consider finitely generated dense subgroups of the follow-
ing Polish groups: Aut(Q, <) the order-preserving automorphisms of the rationals
Q and Aut(Rc¢) the colour-preserving automorphisms of the C-coloured random
graph Rc. We say that a Polish group G with a dense 2-generated subgroup is topo-
logically 2-generated. There is an extensive list of Polish groups that are topologi-
cally 2-generated. For example', the symmetric group S, on the natural numbers;
the automorphism group Aut(R¢) of the C-coloured random graph [12]; the group
of homeomorphisms H (2V) of the Cantor space (Kechris and Rosendal [9, Theo-
rem 2.10]); the automorphism group Aut(X, i) of a standard measure space (X, )
(Grzaslewicz [6] and Prasad [13]); the group of isometries of the Urysohn space
(Solecki [15]). If G is any of the groups listed above, then G satisfies a stronger
property: there exist f,g € G such that { g""f¢™ : n € Z } is dense in G. Such a
group G is said to have a cyclically dense conjugacy class. If G has a cyclically dense
conjugacy class, then clearly it is both topologically 2-generated and has a dense
conjugacy class.

Polish groups in general, and automorphism groups of Fraissé limits in particu-
lar, with dense or comeagre conjugacy classes have been extensively studied. Sev-
eral of the groups given above can be viewed as automorphism groups of Fraissé
limits: (N,=) is the Fraissé limit of the class of finite sets; (Q, <) is the Fraissé
limit of the class of finite linear orders; R is the Fraissé limit of the class of finite
C-coloured graphs; H(2") is isomorphic to Aut(B.,) where B, is the countable
atomless Boolean algebra, i.e. the Fraissé limit of the class of finite Boolean alge-
bras. If G is a Polish group with a comeagre conjugacy class, then G is said to have
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1Although some of these examples are recent, the topic of finite topological generation can be traced
back to the 1934 paper of Schreier and Ulam [14] where they showed that the continuous functions on
[0,1]™, n > 1, with the compact-open topology are topologically 5-generated.
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generic elements. The significance of generic elements is that they utilize and inter-
relate the topological and algebraic structures of the group. The study of generic
automorphisms was initiated by Truss [17] and Lascar [11]. In [17], Truss proved
that Aut(R¢) and Aut(Q, <) have comeagre conjugacy classes and described their
elements explicitly. Other examples of groups with generic elements include: the
random poset (Kuske and Truss [10]), many w-stable, X-categorical structures
(Hodges, Hodkinson, Lascar, and Shelah [7]); the free group on countably many
generators (Bryant and Evans [2]); the isometry group of the rational Urysohn
space (Solecki [15]); the group of Haar measure preserving homeomorphisms of
the Cantor space (Kechris and Rosendal [9]); the group of Lipschitz homeomor-
phisms of the Baire space (Kechris and Rosendal [9]); the group of homeomor-
phisms of the Cantor space (Akin, Glasner, and Weiss [1], Kechris and Rosendal
[9]). Let K be a Fraissé limit and let Aut(K') be its automorphism group. Kechris
and Rosendal [9] showed that the existence of a dense conjugacy class in Aut(K) is
equivalent to the systems of isomorphisms between finite substructures of K hav-
ing the joint embedding property. They also showed that the existence of generic
automorphisms of K is equivalent to the systems of isomorphisms between finite
substructures of K having the joint embedding property and the weak amalgama-
tion property.
Prasad [13] proved that

{(f,9) € Aut(X,p)? : f,g topologically generate Aut(X, ) }

is comeagre in Aut(X, )> where (X, 1) is a standard measure space. Let K be a
Fraissé limit and let G = Aut(XK) be its automorphism group. Then, as pointed
out in Kechris and Rosendal [9, p315], the set

D={(f9)€G*: f,g topologically generate G }

is G5 and invariant under conjugation by elements of G. The group G acts on G?
by conjugation g (h1, h2) = (g~ h1g, g~ thag). It follows that if G has a dense orbit
on G? under this action, then D is either comeagre or nowhere dense in G2, In
fact, D is not dense in G?> whenever G is non-trivial and so D is nowhere dense
if G has a dense orbit on G? under the action given above. In particular, D is
nowhere dense when G is either of the groups Aut(Q, <) or Aut(R¢). Although D
is in general nowhere dense, it is natural to ask for which f € G the set

Dy ={ge€ G : f, gtopologically generate G }.

is non-empty, or even comeagre in G. Alternatively, does there exist a G5 subset
H of G such that

{(f,9) € H* : (f,g)isdensein G}
is comeagre in H?.

In [3] we answered these questions when G = S,,. We showed that given a non-
identity f € S, there exists g € S, such that f and g generate S, topologically.
That is, the set Dy is non-empty for all f € S, \ {ly}. Let Z and S denote the
subsets of S., consisting of those permutations without finite cycles and those
with only one cycle, respectively. We showed that if f has infinite support (the set
{i € N : f(i) # i} is infinite), then Dy NS is comeagre in S and Dy N7 is comeagre
in Z. Furthermore, if f € Z, then Dy is comeagre in S,,. Reproducing a theorem
of Dixon [4], as a corollary of these results and the Kuratowski-Ulam Theorem, we
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showed that { (f,g) € Z? : f,g topologically generate S, } and { (f,g) € S? :
f, g topologically generate S, } are comeagre in 72 and S?, respectively.

This paper is a continuation of our earlier work. Here we give a detailed anal-
ysis of pairs of elements that topologically generate the groups Aut(Q, <) and
Aut(R¢). In the remainder of this section, we give some preliminary informa-
tion and state our main theorems. More detailed background material, that will
be required in the proofs of the main theorems, is given in Section 2. The proofs
of the main theorems relating to Aut(Q, <) are in Section 3 and those relating to
Aut(R¢) are in Section 4.

1.1. The rationals. Let f € Aut(Q, <) be an arbitrary non-identity element. Then
we show in Theorem 1.1 that in some cases there exist, not only one, but many
g € Aut(Q, <) such that f and g topologically generate Aut(Q, <). Moreover, we
are relatively free to specify the cycle structure of g. Before we can state this theo-
rem we require the following standard notions relating to Aut(Q, <) and Aut(Rc¢);
more detailed information about these groups can be found in Section 2.

Let G = Aut(Q, <) or G = Aut(R¢) and let f € G be arbitrary. Then we define

Dy={g€ G : f, gtopologically generate G }.

If f € Aut(Q, <), then there exists a unique order-preserving homeomorphism f
of R extending f. The set fix(f) = {a € R : f(a) = a } is a closed subset of R.
Conversely, if U is a closed subset of R, then there exists f € Aut(Q, <) such that

U = fix(f). If U is a closed subset of R, then a maximal open interval in R\ U is
called a component of R\ U. If U is a closed subset of R, then define

Fo={fecAut(Q,<) : fix(f)=U}.
It is straightforward to see that Fy; is a G5 subset of Aut(Q, <) and so Fy is a Polish
space (but not a group).

Theorem 1.1. Let U and V be disjoint closed subsets of R such that one of the following
holds:

(i) all the components of R\ U and R\ V are bounded;
(ii) R\ U has an unbounded component and V' is bounded.

Then Dy N Fy is comeagre in Fy forall f € Fy.

Let us spell out some of the consequences of Theorem 1.1. For instance, let
f € Aut(Q, <) be any non-identity element such that fix(f) = () and let V = [0, 1],
say. Then there are many automorphisms g € Aut(Q, <), in the sense of category,
such that fix(§) = V and {f, g} topologically generates Aut(Q, <).

Theorem 1.1 also has several limitations. If U and V are closed subsets of R
with non-empty intersection, then the subgroup ( f, g) is not dense for any f € Fy
and g € Fy (as the extension of every product of f and g to a homeomorphism on
R has fixed points in U N V). In Example 3.4, we give some further conditions on
disjoint closed subsets U and V' of R such that Dy N Fy is not comeagre in Fy for
some f € Fyr. Note that there exist disjoint closed subsets U and V of R that do not
satisfy the hypothesis of Theorem 1.1. For example, if U = (—o0, —1] U [1, 00) and
V is any closed subset of R disjoint from U, then the unique component (—1,1) of
R\U is bounded but R\ V must contain a component [c, 00) for some o € RU{—o0}
with o < 1.
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A simple application of the Kuratowski-Ulam Theorem [8, Theorem 8.41] to
Theorem 1.1 gives us the following corollary.

Corollary 1.2. Let U and V be disjoint closed subsets of R satisfying (i) or (ii) from
Theorem 1.1. Then the set of pairs in Fy x Fy that topologically generate Aut(Q, <) is
comeagre in Fy x Fy.

Macpherson [12] proved that any oligomorphic closed subgroup of S., contains
a free subgroup of infinite rank; see also Gartside and Knight [5] and Kechris [9].
In particular, Macpherson’s result applies in the case of Aut(Q, <) and Aut(Rc).
We deduce a similar result from Corollary 1.2 as follows. As in Corollaries 3.6 and
3.7 from [3], it can be shown that there exists a compact set K C Fj such that | K| =
2% K freely generates a free subgroup of Aut(Q, <), and there exist f, g € K that
topologically generate Aut(Q, <). Consequently, for all x with 2 < x < 2% there
exists a dense free subgroup of Aut(Q, <) with rank «.

In the next theorem we show that Dy # () for all non-identity f € Aut(Q, <).

Theorem 1.3. Let f € Aut(Q, <) be a non-identity element. Then there exists g €
Aut(Q, <) such that f and g topologically generate Aut(Q, <).

Various global results can be obtained as corollaries of Theorem 1.1, such as the
following that we will prove in Section 3.

Corollary 1.4. Let f € Aut(Q, <) be a non-identity element such that R\ fix( :) is
unbounded above and below and let F be the set of all g € Aut(Q, <) such that fix(f) N
fix(g) = 0. Then Dy N F is comeagre in F.

Following the comments in the introduction, the set

{(f,9) € Aut(Q, <) x Aut(Q, <) : f,g topologically generate Aut(Q, <) }

is nowhere dense in Aut(Q, <) x Aut(Q, <). The following theorem indicates that
something stronger is true: two elements of Aut(Q, <) chosen at random generate
a nowhere dense subgroup of Aut(Q, <). This result contrasts with Corollaries 1.2
and 1.4.

Theorem 1.5. The set of pairs in Aut(Q, <) x Aut(Q, <) that generate a nowhere dense
subgroup of Aut(Q, <) is comeagre in Aut(Q, <) x Aut(Q, ).

1.2. The random graph. The orbit-typeof f € Aut(Rc) is the sequence (koo k1, k2, . . .)
where f has exactly k; distinct orbits of length i for all 1 < ¢ < co. Let
I ={fe€Aut(Rc) : fhas orbit-type (k,0,0,...) for some k € NU {oo} }.
If ¥ is a finite set of vertices in R¢, then define
Iy, = { f € T : X is aset of representatives of all the orbits of f }.

It can be readily verified that 7 is closed in Aut(R¢) and each Zy; is G in Aut(Rc).
Hence, Z and Zs, are Polish spaces. Further details about the C-coloured random
graph R¢ and its automorphisms can be found in Section 2.

The following theorem is our main result concerning the C-coloured random
graph Re.

Theorem 1.6. Let f € Aut(R¢) be a non-identity element and let ¥ be a finite set of
vertices in Rc. Then Dy N I, is comeagre in I,
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Let us consider some of the consequences of Theorem 1.6. If f € Aut(R¢) is
any non-identity element and k € N is arbitrary, then, by Theorem 1.6, there ex-
ists g € 7 with exactly k infinite orbits such that f and g topologically generate
Aut(Rc). By a small modification of the proof of Theorem 1.6 we can also prove the
following corollary where Zo, = { f € Aut(R¢) : f has orbit-type (c0,0,0,...) }.

Corollary 1.7. Let f € Aut(R¢) be a non-identity element. Then Dy N T is comeagre in
Z. Moreover, I, is comeagre in I and so Dy N L, is comeagre in Z.

The following corollary is a consequence of Corollary 1.7 and the remarks pre-
ceding it.

Corollary 1.8. Let f € Aut(Rc) be any non-identity element and let k € N U {oo} be
arbitrary. Then there exists g € Aut(Rc¢) with orbit-type (k,0,0,...) such that f and g
topologically generate Aut(Rc).

As in Corollary 1.2, by applying the Kuratowski-Ulam Theorem to Corollary 1.7,
we obtain the following.

Corollary 1.9. The set of pairs in I x I that topologically generate Aut(R¢) is comeagre
inZ x1Z.

As in the comments after Corollary 1.2, using analogous arguments to those
given in [3, Corollaries 3.6 and 3.7], Corollary 1.9 can be used to prove that there
exists a compact set K C Z such that | K| = 2%, K freely generates a free subgroup
of Aut(R¢), and there exist f,g € K that topologically generate Aut(R¢). Conse-
quently, for all k with 2 < k < 2% there exists a dense free subgroup of Aut(Rc)
with rank .

As was the case with Aut(Q, <), two elements of Aut(R¢) chosen at random
generate a nowhere dense subgroup of Aut(Rc).

Theorem 1.10. The set of pairs in Aut(R¢) x Aut(Rc) that generate a nowhere dense
subgroup of Aut(Rc) is comeagre in Aut(Re) x Aut(Re).

We conclude this section with some open questions. Is it possible to find neces-
sary and sufficient conditions on disjoint closed subsets of R such that Dy N Fy is
comeagre in Fy for all f € Fy? In [3, Theorem 3.3(iii)] we proved that if f € S
has no finite cycles, then {g € S : f, g topologically generate S, } is comeagre in
Soo- We ask: is it true that if f € 7, then Dy is comeagre in Aut(R¢)? It is also natu-
ral to ask if analogous results can be obtained for arbitrary automorphism groups
of Fraissé limits. In particular, if K is a Fraissé limit, then is it true that Aut(K) is
always topologically 2-generated? If f € Aut(K) is arbitrary, then does there exist
g € Aut(K) such that f and g topologically generate Aut(K)?

2. PRELIMINARIES

In this section we introduce the background material and notation required to
prove our main theorems.

A topological group G is called a Polish group if the topology on G is complete
and separable. If G is a Polish group and A is a subset of GG, then we will say that
A topologically generates G if the group ( A ) generated by A is dense in G.
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Let X be any set and let Sym(X) denote the symmetric group on X. If X is
countably infinite, then we may write S, instead of Sym(X). We refer the reader
to [8] for basic properties of S, and Polish groups in general.

If f: X — X is any function, and Y C X, then denote by f|y the restriction of
ftoY. If Y CY’, then we will say that f|y is an extension of f|y. If Ais a subset
of Sym(X), then define

A<® ={fly : f € AandY is a finite subset of X }.

If f € A<, then we will denote the domain of f by dom(f) and the range of f by

ran(f).
If X is any set and f € Sym(X), then the fix of f is the set

fix(f) ={a€ X : fla)=a},
and the support of f is

supp(f) = {a e X : f(o) # a} = X\ fix(f).
If « € X and f € Sym(X), then the orbit of a under f is simply the set

Orb(f,a) = { fi(a) : i € Z}.
If f € Sym(X)<* and a € dom(f) Uran(f), then denote by
Orb(f,a) = { fi(a) : i € Z where f'(a) is defined }.

If f € Sym(X)<>, then we will refer to Orb(f, «) as the partial orbit of oo under
fo If f € Sym(X)<>® or f € Sym(X), then Orb(f,«) is called a cycle if there
exists n # 0 such that f"(a) = «a. The length of a cycle is the least such n € N.
If @ ¢ dom(f)Uran(f), then we define Orb(f,«) = 0. The orbit-type of f is the
sequence (koo, k1, k2,...) where f has exactly k; distinct orbits of length ¢ for all
1 <7< o0.

All the groups considered here are subgroups of S.,. The group S, endowed
with the topology of pointwise convergence and the discrete topology on the un-
derlying set is a Polish group. If f € S$>°, then we define

[f1={9€ S : glaoms) = f }-

Note that the sets [f] form a basis for the topology on Se..

A function f : Q — Q is an order-preserving automorphism of Q if it is a bijection
and f(a) < f(B8) whenever o, € Q and o < . The group of automorphisms
of Q (with operation the composition of functions) is denoted by Aut(Q, <). Since
Aut(Q, <) is a closed subgroup of Sym(Q) with the topology of pointwise conver-
gence and Q endowed with the discrete topology, it follows that Aut(Q, <) is a
Polish group too.

If f € Aut(Q, <), then there exists a unique order-preserving homeomorphism
f of R extending f. Throughout the paper, whenever we refer to a subset of R
as closed, open, G5, and so on, the topology in question is the usual Euclidean

topology on R. If f € Aut(Q, <), then fix(f) is a closed subset of R. Conversely, if

U is a closed subset of R, then there exists f € Aut(Q, <) such that U = fix(f).
Any non-identity automorphism of Q has orbit-type

(OO, ]{71,0,0, .. )
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for some k1 € {0,1,2,...} U {oo}. Due to their limited structure, orbit-types are
not a particularly useful tool when considering Aut(Q, <). Hence we require the
following alternative notion introduced by Truss [17]. We modify Truss’ original
definition slightly to better suit our present work.

If U is a closed subset of R, then a maximal open interval in R\ U will be referred
to as a component of R\ U. Let f € Aut(Q, <). Then an orbital of f is a component

of R\ fix(f) or a singleton set consisting of an element in fix(f). We will freely use
the following facts about orbitals without reference.

Proposition 2.1. Let ¥ be an orbital of f € Aut(Q, <) and let o € ¥ N Q. Then the
following hold:

i) 2NQ={pecQ: f(a) < B < ") forsomem,n €Z};
(ii) sup{ f"(«) : n € Z } = sup(X) and inf{ f*(a) : n € Z} = inf(X);
(iii) if sup(X) < oo, then sup(X) € fix(f), if inf(X) > —oo, then inf(X) € fix(f).

Obviously the orbitals of f € Aut(Q, <) partition R and if ¥ is an orbital of f,
then f(a) € ¥ for all a € 3. The intersection X N Q from the previous proposition
is the original definition of the orbital of o under f given by Truss.

The parity of an orbital 3 is 0 if 3 is a singleton set, —1 if f(a) < a for some (and
hence all) a € ¥ and +1 if f(a) > «a for some a € ¥. One can readily verify that
the parity of an orbital is a well-defined notion. The notions of orbitals and their
parity can be used to describe a generic order-automorphism of Q.

Proposition 2.2. Let f € Aut(Q, <) be a generic automorphism. Then the sets of orbitals
of f of parity +1, —1, and 0 are each densely linearly ordered without endpoints, and each
is dense in the union of the other two.

For a proof see [17, Theorem 4.1].

The rationals Q are a ultrahomogeneous structure, that is, any isomorphism of
finite substructures of Q can be extended to an element of Aut(Q,<). If f €
Aut(Q, <) and a € dom(f), then the parity of f on Orb(f, ) is —1if f(a) < a,
+1if f(a) > o, and 0 if f(a) = .

If U is a closed subset of R, then define

Fu={feAn(Q <) : fix(f)=U}.

If f € F5°°, then the parities of any two partial orbits in a given component of
R\ U, if they exist, are equal.

The random graph is the unique, up to isomorphism, countably infinite graph
such that if U and V are any disjoint finite sets of vertices, then there exists a
vertex adjacent to every element of U and to no element in V. The C-coloured
random graph R is a generalization of the random graph where edges and non-
edges are replaced by edges coloured by the set C. To be more precise, we let 2 be
a countably infinite set, C = {)q, ...} be a finite set, and F be any function from the
two-element subsets of 2 into C. Then we say that R¢ = (Q2,C, F') is the C-coloured
random graph if the following property is satisfied:

if (Uy,...,U) is any tuple of disjoint finite subsets of 2, then there exists
B € Q such that F{a, 3} = \; forall o € U; and forall 1 < i < |C|.
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We refer to the above as the Alice’s restaurant property (i.e. you can have what-
ever you want at Alice’s restaurant), the element 3 as a witness, and the set 2 as
the vertices of Re.

A function f : Re — Rc is an automorphism of Re if f is a bijection and
F{f(a), f(B)} = F{a,B} for all o, € Q. We will denote the group of auto-
morphisms of R¢ by Aut(R¢).

It is straightforward to prove that if C is fixed, then any two C-coloured random
graphs are isomorphic. Hence we can meaningfully talk about the C-coloured ran-
dom graph and for any given C we will work with a fixed copy of R¢. Of course,
if |C| = 1, then Aut(R¢) is just the symmetric group Sym(2) on . As mentioned
in the introduction, a detailed analysis of pairs of elements in Sym(2) that topo-
logically generating Sym(£2) can be found in [3]. Hence in the following we will
always assume that |C| > 2.

As above, Aut(R¢) is a closed subgroup of Sym(2), the symmetric group on
2 endowed with the pointwise convergence topology. Hence Aut(R¢) is a Polish
group.

Although any sequence (koo, k1,...) with ky - 1 4+ kg - 24 - -+ = 0o describes the
orbit-type of some f € S, the sequences describing the orbit-types of elements of
Aut(Rc) are more complicated. For example, (1,1,0,0,...) is not the orbit-type
of any f € Aut(Rc) but there are 2%° non-conjugate elements with orbit-type
(1,0,0,...) [16]. Truss gave a complete characterization of possible orbit-types
of elements of Aut(R¢) and showed that Aut(R¢) is simple in [16].

Similarly to the rationals, any isomorphism of finite substructures of R¢ can be
extended to an element of Aut(Rc), that is, R¢ is ultrahomogeneous.

Let

I ={fe€Aut(Rc) : fhas orbit-type (k,0,0,...) for some k € NU {0} }.

Then for all f € <> no partial orbit of f is a cycle.
In the next proposition, we give two facts about elements of Aut(R¢) and Aut(R¢) <>
that we require later. The proof is left to the reader.

Proposition 2.3. Let f € Aut(Rc) be any non-identity element, let g € Aut(R¢)<,
and let ¥ be a finite subset of the vertices 2 of R¢. Then

(i) if g has n partial orbits, then there exist o, § € Q\ [EUdom(g) Uran(g) Ufix(f)]
such that the extension h of g defined by h(a) = (3 has n + 1 partial orbits and
belongs to Aut(Rc)<>;

(ii) if @ € ran(g) \ dom(g), then there exists € Q\ [E U fix(f)] such that the
extension h of g defined by h(«) = 3 belongs to Aut(R¢)<°.

We will make repeated use of the following routine lemma.

Lemma 2.4. Let X be an infinite set, let G be a Polish subgroup of Sym(X), let f,g € G,
and let h € G<°° be such that { f, g ) N [h] # 0. Then there exists a finite subset Y of X
such that ( f, kYN [h] # 0 forall k € [g]y]. O

3. THE RATIONALS - THE PROOFS

We prove Theorems 1.3, its corollaries, and Theorem 1.1 in a series of lemmas.
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Lemma 3.1. Let f, g € Aut(Q, <) be non-identity elements such that fix(f) Nfix(g) = 0
and let o, 3 € Q. Then there exist h,k € ( f, g ) such that h(a)) = B and k(«a) < S.

Proof. We will prove that there exists h € ( f, g) such that h(«) > 8. Hence we may
assume that o < . As fix(f) N fix(g) = 0, either a belongs to an infinite orbital
of f or an infinite orbital of g. Without loss of generality assume the former. Let

ap = aand let (0¢, 79) in R\ fix(f) be the orbital of f containing ay. If 79 > (, then
there exists m € Z such that f™(«) > 3 and the proof is complete.

If 7o < 5, then as 7 € fix(f) there exists an orbital (o1, 71) in R \ fix(§) of g such
that 7y € (o1, 71). Choose ng € Z such that a; = ™ (ag) € (01, 7). If 1 > 3, then
there exists m € Z such that g™ (a;1) > 3 and the proof is complete.

If 7, < 3, then there exists a component (g4,75) of R \ fix(f) such that 7; €
(02,72). Choose n; € Z such that as = g™ («1) € (02,71). Note that as f €
Aut(Q, <) and 79 < 71 < T, the orbitals (0¢, 79) and (o2, 72) are disjoint and so
ap < T < 09 < (a.

We continue this process by choosing components (0,41, Th+1) alternately in
R\ﬁx(f) and R\ fix(¢) such that 7,, € (0p41, Tnt1) and any1 € (opt1, 7). 7, > 0
at some step, then the proof is completed as above. Otherwise, by construction
71 < T» < --- and so the orbitals (o,,,7,) and (0,42, Tny2) are disjoint. Hence
QU < Tne1 < Opt1 < Qpy1 Where 7, _1,0,11 € ﬁx(f) if nisodd and 7,,_1,0,41 €
fix(g) if n is even. Thus the sequence oy, ag, . . . is strictly increasing and bounded

above by 5. Hence a1, as, ... converges and its limit belongs to fix(§) and fix(f), a
contradiction. O

Lemma 3.2. Let f € Aut(Q, <) be any non-identity element with fix(f) # 0, let V be
a non-empty closed subset of R disjoint from fix(f), let g € Fys>, and let ¥ be a finite
subset of Q. Then there are h € Fy N [g) and k € ( f, h') such that k(X) is contained in a
single component of R \ fix(f).

Proof. If R\ fix(f) contains an unbounded component and h € Fy N[g] is arbitrary,
then, by Lemma 3.1, there exists k € ( f,h ) such that k(X) is contained in that
unbounded component.

If R\ V contains an unbounded component (—oco, &) or (a, 00) and h € Fy N [g]
is arbitrary, then, again by Lemma 3.1, there exists k£ € ( f,h ) such that k(X) is
contained in (—o0, @) or (o, 00). Since V' is non-empty, it follows that a € R and
so there exists n € Z such that h"k(X) is contained in the component of R \ fix(f)
containing «.

It remains to prove the lemma when all the components in R \ V and R \ fix(f)
are bounded. Since V and fix(f) are disjoint, R \ V and R \ fix(f) are unbounded
above and below. Assume without loss of generality that ¥ is contained in dom(g)
and let ¥’ = dom(g) U ran(g). Since every component of R \ V' is bounded, there
exists @« € Q \ V with max ¥’ < « and where « and max ¥’ are not in the same
component of R\ V. By Lemma 3.1, if hy € Fy N [g] is arbitrary, then there exists
ko € { f, ho ) such that ko(min(X’)) > «. In particular, we may fix hy € Fy N [g] so
that it has parity +1 on the components of R\ V not containing elements in ¥’. We
may also fix mg, ma, ..., mai+1 € Z such that if kg = f™>+1h(" ... fM1 AT, then
ko(min(X)) > a.
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By Lemma 2.4, the value of kq on all the elements of ¥’ is determined by the
values of f and hy on a finite subset of Q containing ¥’. Let I' denote the union
of this finite set and k¢(X’). Then there exists § € Q such that § > max I' and
3 lies in a component (01,02) of R\ V with max I’ ¢ (01,02). Note that since
ko(min(X)) > a and ko(min(X')) € T, it follows that § > «a. Let (11, 72) be the
component of R \ fix(f) containing o5 and let (o3, 04) be the component of R \ V/
containing 7. Note that o4 > 72 > 02 and so (01, 02)N(03,04) = 0. Let h € FyN|g]
be equal to hg except on (o3, 04) where h has parity —1. Then ho|r = h|r and so
ko|sy = (f™meittpmei ... fripmo)|g, .

Note that if n1,N3...,N254+1 € Z and ng,na, Ny, . . ., n2;j > 0, then

(1) fn2j+1 hn2i ... fn1 R0 (6) <7

by the choices of the parities of orbitals of ~. Also note that  has parity +1 on any
component (J,y) of R\ V where ¢ is at least the infimum of the component of R\ V'
containing «, and v < o3 from the definitions of i and hyg.

We will find k; € ( f, h) such that k;(«) and k4 () are in the same component
of R\ V. Recall, from their definitions, that « and (3 are in different components of
R\V and 8 > a. Let ag = avand let (10, ) be the component of R\ V' containing aq
for some j9, v € R. By assumption, there exists a component (1, v1) of R \ fix(f)
such that vy € (u1,11) as vy € ﬁX(iI) = V. Since the parity of h on (uo, o) is 1,
there exists ng > 0 such that oy = h™ (ayg) € (p1, 1) and a1 > ap.

Let (p2,v2) be the component of R \ V such that v € (p2,12) and let n; € Z
be such that as = f" (1) € (p2,v1) and az > aq. If f"1h" () and fm"1h"™(3)
are in the same component of R \ V, then we set k; = f"*h". Otherwise, there
exists ng > 0 such that as = h"2(asg) € (us, v2) where (us, v3) is the component of

R\ fix(f) with vy € (us,vs).
We repeat this process. Assume that

frEtip L MR () and fTHT R L. fPRM(3)

are not in the same component of R \ V for all j. Then the sequence ag, aq,. ..
is strictly increasing and bounded above by 75 from (1). If ¢ > 0 is even, then

ap < ppy1 < ogqq and pgyr € fix(f). If ¢ is odd, then a; < v4—1 < ayy1 and
vi—1 € V. Hence the limit of the sequence «y, e, ... belongs to fix( f) and V, a
contradiction.

It follows that fm2i+tp"2 ... fr1p"0 (o) and f2i+1h"2 ... fP1p"0(3) are in the
same component of R \ V for some j and we set ky = f"2i+1p"2 ... fr1pno,

As ko(minY') > «a and ko(max¥’) < maxI' < §, we have that k1ko(Y') is
contained in a single component (u, ) of R\ V. Finally, as all the components of
R\ V and R\ fix(f) are bounded, there is a component (6, 7) of R\ fix(f) containing
. Thus there exists r € Z such that h"k1ko(X') C (u, ). Therefore if k = h"k ko,

then k(X) C k(X') is contained in the single component (6, y) of R \ fix(f). O

Let P denote the set of all p € Aut(Q, <)~ such that max dom(p) < minran(p).
Note that any extension of p has parity +1 on all of the partial orbits containing
elements of dom(p) Uran(p). Let G be any subgroup of Aut(Q, <) and letp € P.
Then G N [p~!] # 0 if and only if G N [p] # 0. It is easy to see that if G N [p] # 0 for
all p € P, then G is dense in Aut(Q, <).
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Proof of Theorem 1.1. Let f € Fy be arbitrary. It suffices to prove that

Ap={geFv : (f,g)np#0}
is open and dense in Fy forallp € P, as

DinFy= ()4
peP
In any case, by Lemma 2.4, A, is open for all p € P. Hence it remains to show
that A, is dense in Fy. To this end, fix p € P, let gy € F7™ be arbitrary, and let
Yo = dom(p) Uran(p).

(i). all the components of R \ U and R\ V are bounded. By Lemmas 2.4 and 3.2,
there exists an extension hy € F7> of g such that for some my,ms,...,m; € Z
the set

¥ = hglifmj—l g M (20)

is contained in a single component (a1, 3;) of R \ fix(f) = R\ U. Then, from the
assumption that (i) holds, there exist sequences of components { («;,3;) : i € N}
and { (0;,7) : ¢ € N} of R\ U and R\ V, respectively, such that 5; € (o;,7;)
and 7; € (aj41,0i41) for all ¢ € N. Also by construction (¢, 3;) N (o5, 3;) =
0 and (0;,7;) N (0j,7;) = 0 for all ¢ # j. Now, there exists s; € Z such that
[51(21) C (01,71) and there exists hy € F7> extending ho and ¢; € Z such that
hil fsl (21) - (012,62) and [dorn(hl) U ran(hl)] \ [dom(hg) @] ran(hg)] - (0'177'1).

We continue this process obtaining si,t1, s2,t2,... € Z and hy, hy,... € F5™
such that ;4 is an extension of h; and the following hold for all i € N:

. fsihfi__f C RS C (o0, T);
o hi' [ By (3) C (@igs Big);
e [dom(h;) Uran(h;)] \ [dom(h;—1) Uran(h;—1)] C (oi, 7;)-
As the domain of h¢ is finite, there exists ¢ € Z such that (o;,7;) contains no
elements of dom(hg) Uran(hg). Moreover,
i—1
dom(h;—1) Uran(h;_1) € [dom(ho) Uran(he)] U | J (s, 7).
j=1
Hence, by construction, (o;, ;) also contains no elements of dom(h;_1)Uran(h;—1).
So, if
k= f5 hffll o hiil o h?ijlfmj,l . h?i21f7n17
then k(Xo) C (0;,7;) and so h;_1 U kpk~! is well-defined and an element of F;>>°.
Finally, if h € Fy N [hi—1 U kpk~1], then ( f,h ) N [p] # 0. Therefore h € A, N [go]
and so A, N [go] # 0, as required.

(ii). R\U has an unbounded component and V' is bounded. Without loss of generality
we may assume that («, 00) is an unbounded component of R \ U. By Lemma 3.1,
there exist an extension g; of go in Fi>°° and mq,mo, ..., m; € Z such that

gy [T g M (B0) C (@, 00).
Now, there exists n € Z such that
min{ g7 -+ f™(Z0)} > max{dom(g;) Uran(g;) U V}.



12 U. B. DARJI AND J. D. MITCHELL

If g1 has parity +1 on dom(g1) N (max V, c0), then we define
g2 =g1U frg( - frp( g f) T
Otherwise, define
go =g U frgl - frp T (fg e )T
Let h € Fi5™° N [g2]. Then ( f,h) N [p] # 0 and so A, N [go] # 0, as required. O

We next give the proof of Corollary 1.4.
Proof of Corollary 1.4. Let f € Aut(Q, <) be such that R\ fix(f) is unbounded above

and below and let F = { g € Aut(Q, <) : fix(f) Nfix(§) = 0 }. From the comments
at the start of the proof of Theorem 1.1, D; is a G5 subset of Aut(Q, <). Hence we
only need to verify that Dy N F is dense in F. To this end, let g € F<°°.

Let V' C R be closed. Then it is straightforward to verify that g € F>>° if and
only if fix(g) CV, VNa,g(a)] =0if a < g(a), VN g(a),a] = 0 if g(a) < o, and
VN(a,B) # 0 forall a,3 € dom(g) with g(a) < a < 8 < g(8) or a < g(a) <
9(B) <.

Assume that R \ fix(f) has an unbounded component. Let V C R\ fix(f) be any
finite subset of Q satisfying the conditions in the previous paragraph. Then g ¢
f&‘x’. Since V is finite, it is certainly bounded and so, by Theorem 1.1(ii), Dy N Fy
is comeagre in Fy. In particular, D; is dense in Fy, and so Dy N [g] N Fy # 0.
Therefore Dy N F is dense in F.

Assume that all the components of R\ fix( f) are bounded. Then, by our assump-

tion that R \ fix(f) is unbounded above and below, there exists a closed subset V'
of R\ fix(f) satisfying the above conditions and where V' is unbounded above and
below. Then g € F>°° and all the components of R \ V are bounded. Hence, by
Theorem 1.1(i), Dy N Fy is comeagre in Fy and, in particular, Dy N [g] N Fy # 0,

U

as required.

The following lemma is required in the proof of Theorem 1.3.

Lemma 3.3. Let f, g € Aut(Q, <) be non-identity elements such that fix(f)Nfix(g) = 0
and there exists o € R such that ¥ = (—o0, &) or (a, 00) is an orbital of g. If [A]N(f, g) #
0 for all h € Aut(Q, <)~ with dom(h) Uran(h) C %, then f and g topologically
generate Aut(Q, <).

Proof. Let k € Aut(Q, <)“™ be arbitrary. Assume without loss of generality that
(—o0, @) is an orbital of g. This implies that o € fix(g). By Lemma 3.1, there exists
p € ( f,g) such that p(max{dom(k) Uran(k)}) < a and so p(dom(k) U ran(k)) C
(—00, ). Thus h = pkp~! satisfies

dom(h) Uran(h) C (—oo, a).
Hence, by assumption, [h] N ( f, g ) # 0. Therefore since p € ( f, g ), it follows that

[k]N( f,g) # 0. We have shown that f and g topologically generate Aut(Q, <), as
required. O

Proof of Theorem 1.3. Recall that f € Aut(Q, <) is any non-identity element. We
must prove that there exists g € Aut(Q, <) such that f and g topologically generate

Aut(Q, ). If fix(f) = 0, then the result follows by Theorem 1.1(ii).
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So, we may assume that fix( f) # 0. Then there exists § € fix(f) such that 3
is the supremum of a non-singleton orbital of Q \ fix(f). Let a € Q\ fix(f) be
any element in the orbital of f of which § is the supremum. Assume without
loss of generality that the orbital of f containing a has parity +1. We define ¢g €
Aut(Q, <) by induction such that fix(§) = {a}. The first step is to let gy be any
order-preserving bijection on Q with (—oo, @) as an orbital, go(a) = a, gy 2(3) =
f(a), and gy ' (B) = f?(«). 1t is straightforward to verify that gy can be extended
to an element g € Aut(Q, <) such that fix(g) = {a}.
Enumerate the functions i € Aut(Q, <)< such that dom(h)Uran(h) C (—oo, a)
as hi, ha,.... Assume that for n > 0 the function g, is defined such that the fol-
lowing hold:

if n > 0, then g, is an order-preserving bijection extending g,,—1;

dom(g,) N (a, 00) is a finite subset of [f(a), f2(a));

dom(gn) \ dom(gn71> - (f2(a) B 1/”7 fz(a»;

ran(gn) N (a, 00) C [f*(a), f**2(a));

ran(gn) 0 (F7+ (), f7+2(a)) # 0;

if g € Aut(Q, <) is any extension of g,,, then ( f, g) N [hy,] # 0 for all m < n.

Note that since g,, is an order-preserving bijection and dom(g,) N (e, o) is finite,
there exists an extension g € Aut(Q, <) of g, with fix(g) = {«a}.

We now define g, 1. Let o, € (f%(a) — 1/(n + 1), f?(a)) be such that o,, >
max{dom(g,)N(f(c), f2(«))}. Note that o,, exists by the assumption that dom(g, )N
(o, 00) is finite. Hence f~2(0,,) € (f~!(a), @) and so there exists j € Z such that

g7, (dom(hy 1)) € (f72(0m), @) and gj, (ran(hp11)) € (f 7' (a), ).
Hence f?g},(dom(hn 1)) C (0n, f*(a))and T3] (ran(h, 1)) € (f*2 (), f773 ().
So, define g,,+1 to agree with g,, on dom(g,,) and define
gnr (F2ah(0) = "2 gl (v)

for all v € dom(hp+1). Then g,41 is an order-preserving bijection which extends
gn- By construction, dom(g,41) N (a,00) C [f(a), f?(a)) is finite, ran(g,41) N
(a,00) C [f?(a), f*3(«)), and ran(gn+1) N (f"2(a), f*3(a)) # 0. Finally, if
g € Aut(Q, <) is any extension of g1, then g7/ f™"3gf%¢7 € [hps1] N ( f,g)-
Thus { f,g) N [hm] # O forallm < n + 1.

Hence, by induction, if p = UZOZO gn, then p is an order-preserving bijection,

dom(p) N (a, 00) € [f(a), f*(a)) = [p~*(8),p~'(B)) and
ran(p) N (a,00) C [f*(), B) = [p~(8). B).

Furthermore, since fi(a) — 3 as i — oo, sup{ran(p) N (o, 0)} = 3. It follows
from the construction of p that there exists an extension g € Aut(Q, <) of p with
fix(g) = {a} and [h,,) N ( f,g) # 0 for all m. Therefore, by Lemma 3.3, f and g
topologically generate Aut(Q, <), as required. O

Proof of Theorem 1.5. Let o € N and define

Ao ={(f,9) € Aut(Q, <) x Aut(Q, <) : (38> o) (f(B) =9(B) =7) }-

It is clear that A, is open in Aut(Q, <) x Aut(Q, <). We will prove that A, is dense
in Aut(Q, <) x Aut(Q, <). To this end, let (g1, g2) € Aut(Q, <)< x Aut(Q, <)=>°.
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Let 0 € Q be such that o is greater than every element of dom(g;) U dom(g2) U
ran(g;) U ran(gs). Then there are extensions hq, hy € Aut(Q, <) of g1, g2, respec-
tively, such that hy(0) = ho(o) = 0. Hence A, is dense and open in Aut(Q, <) x
Aut(Q, <), and so A = (o, A, is comeagre in Aut(Q, <) x Aut(Q, <).

It remains to prove that ( f, g ) is nowhere dense in Aut(Q, <) for all (f,g) € A.
Let h € Aut(Q, <)<°°. Then, since (f, g) € A, there exists 8 € Q such that f(5) =
g9(B) = B and S is larger than every element of dom(h) U ran(h). Hence if k is
defined so that k = h on the domain of h and k() = 3+ 1, then k € Aut(Q, <)<>
and ( f,g) N [k] = 0. O

It is natural to ask for a necessary and sufficient condition on the disjoint closed
subsets U and V of R for Dy N Fy to be comeagre in Fy for all f € Fy. However,
we have been unable to determine such a condition. The following examples go
some way towards establishing the necessity of the conditions in Theorem 1.1.

Example 3.4. Let U be a closed subset of R such that R \ U is bounded, let V = 0,
and let f € Fyy be arbitrary. Then there exists o € Z such that f is fixed outside the
interval [~ o. Let h € F>*° be such that h(—a — 1) = a + 1. Then g & Dy for all
g € Fy N[h] and so Dy N Fy is not dense. In particular, the conclusion of Theorem
1.1 does not hold in this case.

If U = 0 and V is a closed subset of R that is unbounded above and below, then
there exists an increasing sequence {a, }nez in V that is unbounded above and
below. Let f € Fy be such that f(a,) = any1 foralln € Z. Then ( f,g ) is not
dense in Aut(Q, <) for all g € Fy. Thatis, Fiy N Dy = ), and again the conclusion
of Theorem 1.1 does not hold in this case.

4. THE RANDOM GRAPH - THE PROOFS

In this section we give the proof of Theorem 1.6 and its corollaries in a series
of lemmas. Recall that throughout the paper, the C-coloured random graph R is
the triple (€2, C, F') where Q is a countably infinite set, C = {1, ...} is a finite with
more than one element, and F is a function from the two-element subsets of 2 into
C.

The following collection of isomorphisms between finite subsets of R¢ is im-
portant for the proofs of the results in this section

P={f€Aut(Rc)<™ : dom(f)Nran(f) =0 and F{a, f(a)} = F{B, f(B)}
forall «, 3 € dom(f) }.

The proof of the next lemma is straightforward but we include it for the sake of
completeness.

Lemma 4.1. Let G be a subgroup of Aut(R¢) such that G N [f] # 0 for all f € P. Then
G is dense in Aut(Rc¢).

Proof. Let f € Aut(R¢)< be arbitrary and A € C be fixed. We will show that
GNIf] # 0. There exists, by repeated application of the Alice’s restaurant property,
a finite subset ¥ of Q \ [dom(f) Uran(f)] such that ¥ is isomorphic to dom( f) (and
ran(f)) and F{a, 8} = F{B,7} = A forall & € dom(f), § € ¥, and v € ran(f). If
g : dom(f) — ¥ is an isomorphism, then g € P. Also fg~! : ¥ — ran(f) is an
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element of P. Hence, as f = fg~tg, GN[g] # 0, and G N [fg~!] # 0, we have that
G N |[f] # 0, verifying that G is dense in Aut(Rc¢). O

Next, we describe a general method for constructing extensions of elements of
Aut(Rc)< that provides a means of proving Theorem 1.6.
Let
G ={f€Sym(N)<* : f contains no cycle },
let f € G, let A be a subset of dom(f) Uran(f), and let ¢ be a function from the

two element subsets of A to C. We say that the system (f, 4,c) is consistent if
c{i i} = c{f'(i), f'(4)} forall i, j € A and for all [ € Z such that f!(i), f'(j) € A.

Lemma 4.2. If (f, A, c) is consistent and i € dom(f) U ran(f), then there exists an
extension ¢’ of ¢ such that (f, AU {i}, ) is consistent.

Proof. If i € A, then setting ¢’ = ¢ the proof is complete.

If i ¢ A, then define ¢’ as follows. Let A € C be fixed and let j,k € AU {i}
be arbitrary. Then define ¢'{j,k} = c{f'(4), f'(k)} if there exists | € Z such that
1), fi(k) € A and define ¢'{j,k} = X otherwise. Since (f, 4, c) is consistent, it
follows that ¢’ is well-defined.

To verify that (f, AU {i}, ') is consistent, let j, k € AU {i} with j # k and let
| € Z be arbitrary. If there exists m € Z such that f(j), f™(k) € A, then from the
definition of ¢ on {j, k} and {f!(5), f'(k)}

ik} = e f" (), F(R)} = {1 G), fH(R))-
On the other hand, if f™(j) ¢ Aor f™(k) ¢ Aforall m € Z, then

. kY = =), FL (k)

as required. O

The following corollary is obtained by repeatedly applying Lemma 4.2.

Corollary 4.3. If (f, A, c) is consistent, then there exists an extension ¢’ of ¢ such that
(f,dom(f) Uran(f), ) is consistent.

The next lemma relates consistent systems (f, 4, ¢) and elements of Aut(R¢)<°.

Lemma 4.4. Let ¥ be a finite subset of Q, let (f, A, c) be a consistent system, and let
U : A — Q\ X be an injective function such that c¢{i,j} = F{¥(%),¥(j)} for all
i,j € A. Then there exists an extension ® : dom(f) Uran(f) — Q\ X of ¥ such that
OO~ € Aut(Re)<".

Proof. Let [dom(f) Uran(f)]\ A = {i1,i2,...,4,} and let  agree with ¥ on A. We
complete the definition of ® as follows. By Corollary 4.3, there exists an extension
¢ of ¢ such that (f,dom(f) U ran(f),c’) is consistent. By the Alice’s restaurant
property, there exists a; € Q \ [ U ran(¥)] such that F{a1,®(j)} = '{i1,j} for
all j € A. So, we may define ®(i1) = ay. Assuming that ®(i1),...,P(i—1) are
defined for all m such that 2 < m < n,then ®(i,,) is defined to be any «,, €
O\ [EUdom(P)Uran(P)U{P(i1), ..., P(im-1)}] such that F{a,, ®(j)} = /{im,j}
forall j € AU {i1,...,im—1}. Such an element «,, exists, again by the Alice’s
restaurant property.
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Let a, 3 € dom(®f®~ 1) = ®(dom(f)) be arbitrary. Then

Fla,p} = d{@7(a), @71 (0)} = {f® (), f&7(B)}
= F{2fo (o), 2f2 (D)},
and so ®f®~! € Aut(R¢e)<°°. O

Lemma 4.5. Let X be a finite subset of Q, let f € Aut(R¢)<>° be such that f has no
cycles and [dom(f) Uran(f)|NE = 0, let « € dom(f) \ ran(f), and let § € Q\
[dom(f) Uran(f) U X]. Then there exists g € Aut(Rc)< extending f such that g has
no cycles, [dom(g) Uran(g)| 'YX = 0, f and g have the same number of partial orbits,
B € Orb(g, a), and Orb(g,~) = Orb(f,~) for all v € [dom(f) Uran(f)] \ Orb(f, a).

Proof. By Proposition 2.3(ii), we may assume without loss of generality that all the
partial orbits of f have length equal to some m € N. Let ¥ be any bijection from
a subset A of N to dom(f) Uran(f) U {8}, leth = U=1fU € G, letig = ¥ 1(a),
and let 1,42 ...,4m—1 € N\ Abe arbitrary distinct elements. Extend & to k so that
k(h™1(ig)) = i1, k(ij) = ij41 for all j such that 1 < j < m — 2,and k(iy—1) =
¥~1(3). Define c on the two element subsets {i, j} of Aby c{i,j} = F{¥(i), ¥(j)}.

We will prove that (k, A,c) is consistent. Leti,j € Aand let! € Z\ {0}
be such that k'(i), k'(j) € A. From the definitions of ¥ and k, it follows that
i,7,k'(i), k'(j) € ¥~(dom(f)Uran(f)). In particular, none of i, j, k' (i), k' (j) equals
U—1(8). As f € Aut(Re)<>,

clij} = F{U@),¥(5)} = F{f10(), f'U()}
AU (i), W ()} = efh!(0), B (7)) = {K (i), K ()}
and so (k, A, ¢) is consistent.

By Lemma 4.4, we may extend ¥ to ® : dom(k) Uran(k) — Q\ X so that
OkP~! € Aut(Rc)<®°. Then g = ®kP 1 is the desired extension of f. O

Let X be a finite subset of €. Then in the introduction we defined
Iy, ={ f € I : X is aset of representatives of all the orbits of f }.

In the next lemma we give a characterization of those elements in Aut(R¢)<> that
lie in Z5.

Lemma 4.6. Let X be a finite subset of Q and let f € Aut(R¢)<> be such that f has at
most || partial orbits and f has no cycles. Then f € IS5 ifand only if | Orb(f, a)NX| <
1 for all o € dom(f) Uran(f).

Proof. (=) This implication is obvious.

(<) We have to prove that [f] N Zy, # (. By Proposition 2.3(i) and Lemma
4.5, there exists fi; € Aut(R¢)<* extending f such that f; has n = |X| partial
orbits, | Orb(f1,a) N ¥| = 1 for all @ € dom(f1) Uran(f;). Let dom(f1) \ ran(f1) =
{Oé(], ey O[nfl}.

We define a sequence of extensions fs, fs,... of fi whose union lies in Zy, by
induction as follows. Let Q = {d1,d2,...}. Atstepi > 1, letr = i (mod n)
be such that 0 < r < n— 1 and let §; = 0y, where k = min{ j ¢ N : §; ¢
dom(f;) Uran(f;) }. Then by Lemma 4.5 applied to 0, f;, -, and j3;, we obtain g; €
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Aut(R¢)<> extending f; such that 3; € Orb(g;, a,-) and Orb(g;,v) = Orb(f;,~) for
all v € [dom(g;) Uran(g;)] \ Orb(g;, a.).

To conclude step ¢, let v; = 0; where I = min{ j € N : §; ¢ dom(g;) U
ran(g;) }. Then as above applying Lemma 4.5 to (}, g; !, a,, and 7; we obtain
fi+1 € Aut(R¢)<> extending g; such that 7, € Orb(f;41,a,) and Orb(fi11,7v) =
Orb(g;, ) forall v € [dom( fi1) Uran(fi+1)] \ Orb(fit1, o).

If h=J,_, fi, then h € Zy; N [f], as required. O

The next combinatorial lemma is required to prove the lemma after it, which is
the main step in the proof of Theorem 1.6.

Lemma 4.7. Let m,r € Nandlet N = {0,1,...,m — 1,k(1),k(2),...,k(2r)} be such
that k(1) > 4m, k(2i) — k(2i — 1) = 2m, and k(2i + 1) — k(2i) > 2k(2i). Ifi,j € N
withi < jandl € Z \ {0} are such that i + 1, j 4+ | € N, then one of the following holds:

() i, 4 i+1,j+1€{0,1,....m—1};
(i) i=k(2s—1),j =k(2s),i+1=k(2t—1),and j+ 1 = k(2t) for some s, such
that 1 < s,t < 2r;
(iii) ¢ = k(2s — 1), j = k(2t — 1), and | = 2m for some s,t such that 1 < s,t < 2r.

Proof. We first make some observations about N. If p,q € N and one of p and
q is an element of {k(1),k(2),...,k(2r)}, then |p — ¢| = 2m. Also note that if
p,q € {k(1),k(2),...,k(2r)}, p < g, then

2) qg—p=2morq—op>2p.

Now we proceed to the proof of the lemma. There are three cases to consider.

Ifi,j €{0,1,...,m—1},then|i—j| <m—1.S0,if i+1 € {k(1),k(2),...,k(2r)}
orj+1e€{k(1),k(2),...,k(2r)}, then from above |i — j| = |(i +1) — ( + )| = 2m,
a contradiction. Thus i+ 1,5 +1 € {0,1,...,m — 1} and (i) is satisfied.

Assume that i € {0,1,...,m — 1} and j € {k(1),k(2),...,k(2r)}. Then 2m <
li—j] <j.If1>0,thenj+1 e {k(l),k(2),...,k(r)}. Applying (2) to jand j +1,
it follows that ! = 2morl > 2j. If | = 2m, then 2m < i+ 1 < 3m < k(1) and so
i+l g N.Ifl >2j,theni+ 1 € {k(1),k(2),...,k(2r)} and so again by (2) either
li—i =G+ -G+ =2mor|j—i|=|G+1)— G+ >2(i+1) > j. Ineither
case, we obtain a contradiction. If /| < 0, then! > —m + 1and hence j +1 ¢ N. It
follows that forall € Z\ {0}, eitheri +1 ¢ Norj+1¢ N.

Assume thati,j € {k(1),k(2),...,k(2r)}and i < j. If ] > 0, then i,5,i + 1,5 +
I e {k(1),k(2),...,k(2r)} and applying (2) to j and j + [, it follows that | = 2m
orl > 2j. If ] = 2m and either i = k(2s) or j = k(2s) for some s such that
1<s<rtheni+lorj+1 ¢ N. Hencei = k(2s — 1) and j = k(2t — 1) for
some s,t such that 1 < s,t < 2r, and (iii) is satisfied. If I > 25 and (ii) does
not hold, then |i — j| # 2m. Then, it follows, by (2) applied to i + ! and j + I,
that |i — j| = [t +1) — (5 +1)] > 2(i +1) > 25, a contradiction. If | < 0 and
i+ 1,741 € N, then it can be verified that i + 1,5 + [ € {k(1),k(2),...,k(2r)}.
An argument symmetric to the one just given shows that (ii) or (iii) holds in this
situation, completing the proof of the lemma. O

The following lemma provides the critical step in the proof of Theorem 1.6.
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Lemma 4.8. Let X be a finite subset of Q, let f € I5°°, and let g € P be such that[¥ U
dom(f) Uran(f)] N [dom(g) Uran(g)] = 0. Then there exist h € Z5> and j € N such
that h extends f and h7 extends g.

Proof. Applying Proposition 2.3(i), we may assume that f has exactly |X| partial
orbits, no cycles, no partial orbit of f contains more than one element of > and
[dom(f) U ran(f)] N [dom(g) Uran(g)] = 0. Then, applying Lemma 4.5 we may
assume that f has exactly |X| partial orbits, no cycles, each partial orbit of f con-
tains exactly one point of ¥, and [dom(f) Uran(f)] N [dom(g) Uran(g)] = (. Finally,
applying Proposition 2.3(ii), we may assume that f has exactly |X| partial orbits
each of length m, for some m € N, no cycles, each partial orbit contains exactly one
element of ¥, and [dom(f) Uran(f)] N [dom(g) Uran(g)] = . Lemma 4.6 guaran-
tees that f € Z5°°. Hence it suffices to prove the lemma for the function f as just
described.

Let dom(g) = {o1,...,0,}, let {k(1),k(2),...,k(2r)} be any subset of N satis-
fying the hypothesis of Lemma 4.7, let ¥ be a bijection from a subset A of N to
dom(f) Uran(f) Udom(g) Uran(g), let hg = U1 fU, letig € dom(hg) \ ran(hg) be
an arbitrary but fixed element, and let {4,,, im1, . . ., ix(2r) } be distinct elements of
N\ [dom(hg)Uran(hg)] such that W(iy(2;—1)) = 03 and ¥ (iy(24)) = g(o;) for all i such
that 1 < i < r. Extend hg to hy € G so that hy (b '(ig)) = im and hy(ij) = i;41
for all j such that m < j < k(2r). Define ¢ from the two element subsets of A to C
by c{a,b} = F{¥(a), ¥(b)} forall a,b € A.

We will prove that (hq, A, ¢) is consistent. Let a,b € A be distinct and let [ € Z
be such that c{h}(a), k! (b)} is defined. Then there exist u,v € dom(hy) \ ran(h;)
and i, j € Z such that a = hi(u) and b = k] (v).

Let us first consider the situation when ¢ # j. Without loss of generality assume
that i < j. By Lemma 4.7 applied to N = dom(h), one of the following holds:

@) i,4,i+1,7+1€{0,1,...,m—1};
(i) i =k(2s—1),j =Fk(2s),i+1=Fk(2t —1),and j + ! = k(2t) for some s,
such that1 < s,t < 7;
(iii) ¢ = k(2s —1),j = k(2t — 1), and | = 2m for some s, ¢ such that 1 < s,¢ < 7.

If (i) holds, then a, b, b} (a), h} (b) € U~ (dom(f) Uran(f)) = dom(hg) Uran(hg).
Hence, as f € Aut(R¢)<>,

efa,b} = F{¥(a),U(b)} = F{f'U(a), fU0b)} = {1 U(a), ¥ fU(0)}
= cfhh(a), ho(0)} = c{hi(a), B (b)}.
If (ii) holds, then u = v = iy. Hence
c{a, b} = cfhi(io), hi(io)} = Aip@s—1):1k2s) ) = F{Y (irn2s—1))s Y(ike2s)) }
= F{Us»g<as)}
and likewise
c{hll(a), hﬁ(b)} = C{hlﬁl(io)a h{+l(i0)} = C{ik(zt—l)»ik(zt)} = F{oy,g(01)}.

Since g € P, it follows that F{os, g(0s)} = F{o¢,g(o+)}, verifying that c{a,b} =
c{hk(a), by (b)}.
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If (iii) holds, then again u = v = 4. It follows that

C{% b} = C{hﬁ (iO)a h{ (io)} = C{Z’k(Zsfl)a Z%(2:571)} = F{\I/(ik(stl))a ‘I’(ik(th))}
= F{O-Sa Ut}
and
c{hll(a)a hl1 (b} = C{hzfrl(io), hlfrl(io)} = C{i2m+k(2571)>i2m+k(2t71)}

= clin@s)s iyt = F{Y(ir@s)), Ylinen )} = F{g(os),g(or)}

As g € Aut(R¢)<>, we have that F{o,,0:} = F{g(0s),g9(0:)}, verifying that
c{a, b} = c{hi(a), Ry (b)}.

Let us finally consider the situation when i = j. As a # b, we have that u # v
and hence one of a,b is not in Orb(hy,ig). Thus 7,5 € {0,1,...,m — 1}. Since the
only partial orbit of h; with more than m elements is Orb(hq, o), it follows that
i+1,j+1€{0,1,...,m— 1} also. As f € Aut(R¢)<>, it follows, by the same
argument used when i # j and (i) held above, that c{h! (a), b} (b)} = c{a,b}. We
have shown that (hq, 4, ¢) is consistent.

It follows from Lemma 4.4 that there exists an extension ® : dom(h)Uran(hy) —
Q of ¥ such that h = ®h;®~! € Aut(R¢)<°°. But by construction, h;, and hence h,
has |X| partial orbits and no cycles and so, by Lemma 4.6, h € Z5*°. By construc-
tion, h extends f and h?™ extends g. |

We need one more lemma before we can give the proof of Theorem 1.6.

Lemma4.9. Let f € Aut(R¢) be a non-identity element, let p € P, let ¥ be a finite subset
of Q, and let g € T5°°. Then there exists h € IS extending g such that ( f, k)N [p] # 0
forall k € [h] NZIx.

Proof. As g € I5°°, g has an extension in 75> whose domain contains dom(p) U
ran(p) U ¥ and, moreover, has n = |3| partial orbits of equal length. Hence, it
suffices to prove the lemma for such g. To this end, let g be as described, let
dom(g) \ ran(g) = {a1,a2,...,a,} and let m be the length of each partial orbit
of g. We will extend each of Orb(g, 1), Orb(g, as),. .., Orb(g, o) in a particular
fashion by m elements using Proposition 2.3(ii).

We proceed by performing a finite recursion. Let g9 = g and I'y = dom(go) U
ran(go). Applying Proposition 2.3(ii) to f € Aut(R¢), go € Aut(Rc)<*°, the finite
set

ToU f(To) U f1(Ty) €0

and to g{" ' (1) € ran(go)\dom(go), we obtain a one point extension g; € Aut(R¢)<>
of go so that gy (g5 (1)) ¢ To U f(To) U f~1(T) U fix(f). Note that by Lemma
46,9, € T5™.
At the second step, let Iy = dom(g;) Uran(g;). Applying Proposition 2.3(ii) to
f, the finite set
Ty U f(T) U f (T,

and to g1, we obtain a one point extension g, € Aut(Rc¢)<> of g1 so that g2(g7" (1)) ¢
LU f(Cy) U 1) USix(f). Again, g2 € Z5™ follows from Lemma 4.6.
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Repeat this process, so that at step m we obtain g,, € Z5°°, an extension of
gm—1,such that g>™ (o) ¢ Ty 1 U f(Trm1) U fH(Tpo1) Ufix(f), where Ty, =
dom(gm—1) Uran(gm—1).

At step m + 1, let T',, = dom(g,,,) U ran(g,,). Note that g7 1(az) = g™ (ag)
(€ ran(gy,) \ dom(g,,,)) by construction. Applying Proposition 2.3(ii) to f, the finite
set

Fm U f(FTn) U fﬁl(rm)?
and to g,,, we obtain a one point extension g,,+1 € Aut(R¢) <> of g, so that
Gm+1(97 Ha2)) ¢ T U f(Ln)U f~H(Ty, ) Ufix(f). Asbefore, gii1 € Zs ™ follows.

Repeat this process a total of mn times, to obtain t = g,,,,, € Z5>°. Observe that
by the constructionif 1 <i <nandm < j < 2m — 1, then

t) () ¢ Crni—)4j—m YU f(Togim1)4j—m) U fﬁl(rm(ifl)Jrjfm) U fix(f).

We next show that if 1 < i < nmand m < j < 2m — 1, then f(t/(«a;)) ¢
dom(t) Uran(t). If i/ < ior (i’ = iand j/ < j), then f(t/ (o)) # /' (o) be-
cause t/(a;) ¢ f ' (Tongio1yaj—m) and t7 (i) € Dppgi1yyjom. Ifi =i’ and j = j/,
then f(#/(ci)) # t/ (i) because t/(a;) ¢ fix(f). Finally, if i > i or (i = i
and j' > j), then f(t/(a;)) # #/'(cyr) because #7'(air) & f(Tm(ir—1)4jr—m) and
t7 (i) € Trn(ir—1)4j'—m-

It follows that ¢ = ft™pt~™ f~! satisfies [dom(g) Uran(q)]N [dom(t)Uran(t)] = 0.
Moreover, as p € P, t is a finite isomorphism and f is an automorphism of R, for
all a, 8 € Qwitht=™ f~1(a),t=™f~1(8) € dom(p),

Fla,q(@)} = Ffa, ft"pt™™ ()} = F{t7" [~ (a),pt"™ [~ (a)}
= F{Tm N E),pt M fHB)) = F{B, ftpt T T ()}
= F{B.q9(8)}

andsoq € P.

Now, t € 5>, q € P,
[dom(t) Uran(t)] N [dom(q) Uran(q)] = 0,

and [dom(g) Uran(¢q)]NEX = 0 as ¥ C dom(t). Hence, by Lemma 4.8, there exists

h € 75> and j € N such that h extends ¢ (and hence g) and h? extends gq.
Therefore if k € [h] N Zy, then k=™ f~1kI fk™ € [k=™ f~1qfk™] = [p], verifying

that ( f, k) N [p] # 0, as required. O

Proof of Theorem 1.6. We must prove that Dy N Zy, is comeagre in Zx.. Let p € P and
let A, ={keZs : (f k)n[p] #0} Wewill prove that A, is dense and open in
Is..

Let g € Z5™ be arbitrary. Then, by Lemma 4.9, there exists h € 5™ extending
gsuchthat ( f,k)N|[p] #0forall k € [h] NZsx. So,if k € [h] NIy, thenk € A, N [g]
and so A, N [g] # 0. Thatis, A, is dense in Zs..

On the other hand, if k¥ € A, is arbitrary, then ( f,k ) N [p] # 0. Hence, as in
Lemma 2.4, there exists a finite subset A of (2 such that for all 2 € [k,] N Zx

(f,h)Np] #0.

In other words, k € [kjz] N Zs C A,, verifying that A, is open relative to Zy.
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Clearly, Dy N Zs C (,ep Ap- Conversely, if g € (,cp Ap, then ( f,g) N [p] # 0
for all p € P. So, by Lemma 4.1, ( f, ¢ ) is dense in Aut(R¢) and so g € Dy N Isx.
Thus

ﬂ Ap e Df NZIs
pEP

and it follows that D¢ N Zy; is comeagre in Zs.. O

The following lemma is required in the proof of Corollary 1.7.

Lemma 4.10. Let f € Z<° and let m € N. Then there exists g € T<>° extending f such
that every h € [g] N T has at least m orbits.

Proof. Let y1,%s2,...,ym be distinct elements of {0,1}". Then using the Alice’s
restaurant property we may find m?+m distinct elements 01,150,715y Ol 1,15+ - s
Umt1,m € dom(f) Uran(f) such that the following hold forall1 <i < ¢ <m+1
and1 <k <m:

o Flajp,ap i}t =Xifys(i’ —i) =1,
° F{ai7k,ai/7k} = /\1 if yk(i’ — ’L) = 0,‘
o F{oajp, Bt =Mif f=qa;p and k' # k or 8 € dom(f) Uran(f).
We define g to be the extension of f where g(c; ) = ;1 foralll <i<m+1
and 1 < k < m. It is routine to verify that g € Z<°.

Let h € ZN|g| be arbitrary. We will prove that Orb(h, a4 ;) # Orb(h, a1 ) for all
J,ksuchthat 1 < j < k < m.Seeking a contradiction assume that there exist j < k
such that a; ; € Orb(h, aq ). This implies that there exists r € Z such that

h"(cij) = ik

)

for all ¢ such that 1 < 4 < m + 1. But y; # yi and so there exists [ such that
1 <l <mandy;(l) # yx(l).Without loss of generality assume that y;(!) = 0 and
yr(l) = 1. Henceif 1 < i < ¢’ < m+ 1such thati —i =, then

Flaij,ap i} =M # X = F{ai g, ai p } = F{h (i 3), " (i 5)},

a contradiction. Thus h has at least m orbits. O

Proof of Corollary 1.7. We must show that Dy N7 is comeagre in Z. Let p € P and
let Ay ={keZ : (fk)n[p #0}. Webeginby proving that A, is dense and
openinZ.

Let g € <> be arbitrary and let ¥ = dom(g) \ ran(g). Then, by Lemma 4.6,
g € Is™. Hence, by Lemma 4.9, there exists h € Z5™ extending g such that
(f,k)N|[p] # 0forallk € [h] NZx. Hence if k € [h] NIy, then k € [A] N A,. In
particular, [¢g] N A, # ) and so A, is dense in 7.

On the other hand, if k¥ € A, is arbitrary, then ( f, k) N [p] # 0. Hence, as in
Lemma 2.4, there exists a finite subset A of 2 such that for all h € [k|s]NZ

(f,h)Np] #0.

In other words, k € [k[a]NZ C A, and so A, is open in 7.
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As in the proof of Theorem 1.6, using Lemma 4.1 it is straightforward to show
that
(A =DsNT.
pEP
It follows that Dy N 7 is comeagre in Z.
It remains to prove that 7, is comeagre in 7. Let

B, ={f€Z: fhasatleastm cycles }.
Then, by Lemma 4.10, B,,, contains a dense open subset of Z. Hence Z, = (\-_, B

m=1

is a comeagre subset of 7. Since Dy N7 and 7, are comeagre in Z, it follows that
Dy N1 is comeagre in 7. O

Proof of Theorem 1.10. For each n € N let
By = {(f,9) € Aut(Re) x Aut(Re) « [fix(f) N fix(g)[ = n}.

It is clear that B, is open in Aut(R¢) x Aut(R¢). We will show that B, is dense.
Let (f,g) € Aut(R¢) <> x Aut(Rc)<. By the Alice’s restaurant property we may
choose a set I' C QQ with more than n elements such that

e I'N[dom(f)Uran(f)Udom(g)Uran(g)] = (); and
o F{a,B} = A forall a € dom(f) Uran(f) Udom(g) Uran(g)and 8 € T.

If f1, g1 are extensions of f and g such that f;(a) = g1(«) = «a for all @ € T, then,
by the definition of T, f1,¢91 € Aut(R¢)<>°. Moreover, fi,91 € B, and so B, is
dense in Aut(R¢) x Aut(Re). It follows that B = ()~ B, is a comeagre subset of
Aut(Re) x Aut(Re).

We next show that each (f,g) € B generates a nowhere dense subgroup of
Aut(Re). Let h € Aut(R¢)<*°. It suffices to find an extension k& € Aut(R¢)<*>
of hso that ( f,g) N[k] = 0. As fix(f) N fix(g) is infinite, we may choose a €
[fix(f) Nfix(g)] \ [dom(h) Uran(h)]. By the Alice’s restaurant property, we can find
B # a such that k, the extension of h defined by k(«) = £, is in Aut(R¢)<°. This
is the desired k as f(«) = g(a) = e and k() # a. O
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