Burnside and his Problem
or
What does a group theorist do anyway?

Martyn Quick
http://www-groups.mcs.st-and.ac.uk/~martyn/

20th April 2006


http://www-groups.mcs.st-and.ac.uk/~martyn/

Overview

» What is a group?



Overview

» What is a group?

» How do they fit into mathematics?



Overview

» What is a group?
» How do they fit into mathematics?

» What sort of problems does a group theorist consider?



Overview

» What is a group?

» How do they fit into mathematics?

» What sort of problems does a group theorist consider?
» The Burnside Problem



What is a group?

A group is a set G in which we can ‘multiply’ elements such that
(i) z(yz) = (xy)z forz,y,z € G
(ii) there is an identity element 1 with

zl=1x =2 forx e G

(iii) every element & € G has an inverse =1 with
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But what do groups really do?

They “act” on mathematical objects:

» View x € G as a transformation of some object X;

» multiplication xy represents composition of transformations;

» 1 is the identity transformation: fix everything in X;

» all transformations are invertible: apply 21 to undo the effect
of applying x.
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Example: Rotations of the regular tetrahedron

4 axes of symmetry through
vertex and opposite face

2 rotations about each axis

= 8 transformations

3 axes of symmetry through
opposite edges

1 rotation about

each axis

= 3 transformations

plus the identity
TOTAL: 12 elements

The symmetry group of the tetrahedron has order 12
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Example: Rotations of the regular tetrahedron

Rotation r through 180°
r3=1

(but r # 1 # r?):

r has order 3

Rotation s has order 2
180°



Groups arise as the
“symmetries” of
“mathematical objects”
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Evariste Galois (1811-1832)

» Introduced the term ‘group’;

» Galois’s groups consisted of permutations of the roots of
polynomial equations;

» By exploiting the group structure, he showed that there is no
formula to solve a quintic equation.
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Significance of groups in mathematics

‘Manifesto’:

» To study a mathematical object, a common method is to
exploit the symmetry present;

» such symmetry is most naturally encoded in a group;
» understanding the group enables us to understand the original
object.

Also, groups are very interesting in their own right!!
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What sort of problems does a group theorist consider? (1)

Classification Results (slight digression)
Find a list of all groups (or more likely some restricted collection).

Can exploit this list, by
1. finding the symmetry group of an object on the list, or

2. checking facts for each group in the list.
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What can we classify?

» All groups? No chance!

» Finite abelian groups?
(Groups where xy = yx for elements z,y) /Easy!

» Groups of small order. v

» Groups of prime-power order. Difficult, near impossible.
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Problems with classification

Too many groups!
Define f(n) to be the number of essentially different groups of

order n.

f(1) = 1
7(2) = 1
f(4) = 2
f(8) = 5
f(16) = 14
f(32) = 51
f(64) = 267
f(128) = 2328
f(256) = 56092
f(512) = 10494213

£(1024) = 49487 365422



Enumeration

Theorem (C. C. Sims (1965))

f(pn) s p(2/27)n3
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Enumeration

Theorem (C. C. Sims (1965))
F(p") = p®20n

» Don't classify groups

» Enumerate them!
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A successful classification: CFSG

A finite group is “built from" simple groups.
(Analogous to prime factorisation; the Jordan—Hdolder Theorem
tells us the factors of a particular group are unique.)

Classification of Finite Simple Groups

Begun in the 1950s, regarded as complete in the 1980s.

Takes up 1000s of pages of journal articles, involved numerous
mathematicians.

Classifies these “building blocks” into a number of well-understood

families, plus 26 sporadic groups.
The largest of the sporadic simple groups is the Monster of order

808017424794 512875 886 459 904 961 710 757 005 754 368 000 000 000

(approx. 8 x 10%3)



What sort of problems does a group theorist consider? (I1)

Determine whether (or when) groups are well-behaved.



What sort of problems does a group theorist consider? (I1)

Determine whether (or when) groups are well-behaved.

What is “well-behaved”?



What sort of problems does a group theorist consider? (I1)

Determine whether (or when) groups are well-behaved.

What is “well-behaved”?

» Collect examples of groups (e.g., symmetry groups of
mathematical objects we understand);



What sort of problems does a group theorist consider? (I1)

Determine whether (or when) groups are well-behaved.

What is “well-behaved”?
» Collect examples of groups (e.g., symmetry groups of
mathematical objects we understand);

» View these as typical and groups sharing similar properties as
well-behaved.
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William Burnside (1852-1927)

» Wrote the first textbook on group theory

» The first to consider groups from the modern abstract
viewpoint
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Burnside's Problem

Burnside (1902):

“A still undecided point in the theory of discontinuous groups is
whether the order of a group may be not finite, while the order of
every operation it contains is finite.”

Translation:

Let G be a finitely generated group.

Is it possible for G to be infinite but for every element in G to have
finite order?

General Burnside Problem (GBP)

Let G be a finitely generated group where every element has finite
order.

Is G finite?
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Explanation of the Problem

G is generated by elements x1, 2o, ..., x4 if every element in G is
expressible as a product involving only the x; and their inverses.

x has finite order if ™ = 1 for some n € N.

Basic Idea

Finite groups are finitely generated and have every element of
(bounded) finite order.

All other groups that were familiar at the time do not.

Is there a reason for this?
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Example: Abelian groups

Suppose G is an abelian group with G = (21, %2, ..., z4).
An arbitrary product

+1_+1 +1 R .
Tw T, (1 <iq,ip,...,0k < d)

can be rearranged (since elements commute) to

my ,,Mm2 mgq
Ty Ty ""Td B

If the generators have finite order (say " =1 for each i) then we
reduce to

0<m; <ny for each 1.

So
|G| < niny...ng.
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So (GBP) has a positive solution for abelian groups.
(Abelian groups are very well-behaved!)

In general, what is the interplay between powers (i.e., elements
having finite order) and commutativity?
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The Burnside Problem

In the “General” Problem we do not require a bound on the orders
of elements.

Definition
A group G has finite exponent if there exists n such that

" =1 for all z € G.

Burnside Problem
Is a finitely generated group of finite exponent always finite?

or...
If G is generated by d elements and G has exponent n, then is
G finite?

(version of the problem for each value of d and n.)
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Some results

Example
Burnside Problem has positive solution for exponent 2.

Burnside (1902):
Burnside Problem has positive solution for exponent 3.

Sanov (1940):

Burnside Problem has positive solution for exponent 4.

M. Hall, Jr. (1958):
Burnside Problem has positive solution for exponent 6.

[M. Hall's work described as a “heroic piece of calculation” ]
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So perhaps groups are well-behaved?

...or perhaps mathematicians of the early 20th century did not
have enough examples available?
Golod—Shafarevich (1964):

The answer to the General Burnside Problem is NEGATIVE.
There exists an infinite group which is finitely generated where
every element has finite order.

Adian—Novikov (1968):

There exists an infinite 2-generated group of exponent n for every
odd n > 4381.

(Improved to n > 665 by Adian in 1975)

Ol’shankii (1982):

Tarski monsters exist: —

For every prime p > 107, there exists an infinite group where
every proper subgroup is cyclic of order p.
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That's all got a bit technical. . .so what?

Things look bad.
Groups aren't at all nicely behaved.

There are some infinite examples which satisfy hypotheses that we
didn't expect!

Perhaps we can rescue things by moving to a class of groups which
behave more nicely. . . finite groups?



The Burnside Problem in the world of finite groups



The Burnside Problem in the world of finite groups

Restricted Burnside Problem
Is there a largest d-generator group of exponent n?



The Burnside Problem in the world of finite groups

Restricted Burnside Problem
Is there a largest d-generator group of exponent n?

Given the bad news so far, perhaps a surprising answer:

YES!



Three important group theorists

Philip Hall Graham Higman Efim Zelmanov
1904-1982 1917- 1955—
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Solution to the Restricted Burnside Problem

Hall-Higman (1956):
It is sufficient to solve the Restricted Burnside Problem for

exponent p* (p prime).

Zelmanov (1990/1991):

The Restricted Burnside Problem has a positive solution for all
d and n.

1994: Zelmanov awarded the Fields Medal for his solution.
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So what does a group theorist do?

» Find interesting examples of groups with unusual behaviours;

» Find conditions for when groups are well-behaved
(i.e., do what we expect).



