Introduction to Profinite Groups

Martyn Quick

23rd March 2005

Motivation

Frequent theme in infinite group theory
How do the finite images of a group affect its structure?

Theorem (Hirsch, 1946)

Let G be polycyclic-by-finite. If every finite quotient of G is
nilpotent, then G is nilpotent.

Theorem (Grunewald—Pickel-Segal, 1980)

Let G be polycyclic-by-finite. Then there are finitely many
isomorphism classes of polycyclic-by-finite groups having the same
finite quotients as G.
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Theorem (Zelmanov, RBP)

For every pair of integers d and n, there is a largest finite
d-generator group of exponent n.

Positive Solution of the Restricted Burnside Problem:
A f.g. profinite group of finite exponent is finite.

Theorem (Lubotzky—Mann—Segal, PSG-Theorem, 1993)
Let G be a f.g. residually finite group and define

sn(G)=#{H << G||G:H <n}.

Then G has PSG (s,(G) < n® for some c)
if and only if G is virtually soluble of finite rank.

Inverse Systems

Definition
A directed set is a partially ordered set I such that if 41,10 € [
there is some j € I such that 737 < j and ip < j.

Definition
An inverse system

of groups indexed by a directed set I consists of
» a group G; foreachi e I

» a homomorphism ¢;;: G; — G whenever i > j in I
such that
Gijdik = ¢ix  when i >j > k.



Inverse Limits

Definition
The inverse limit of the inverse system {G;, ¢;;}r is

lim G; = {(9i)ier | i € G; for all i

—

and g;¢;; = g; whenever i > j }.

Note MGZ - Hie[ G;.

Lemma
lim G; is a subgroup of [],.; Gi.

Universal Property of Inverse Limits

Theorem

Let {G;, ¢ij}1 be an inverse system of groups, G = llrl‘ G; and
pi: G — G, the projection to the ith component.

Then (G, p;) is the unique solution of the following universal
problem:

Given a group H and homomorphisms 6;: H — G; such
that 0;¢;; = 0; whenever i > j, there is a unique
homomorphism 6: H — G such that 6; = 6p; for all 1.




Some topology

Definition
A topological space X is a set together with a family .7 of open
sets such that

(Tl) ©,X € 7;
(T2) if Uy € T for A € A, then (A Ux € 75
(T3) if Uy, Us, ...,Un € 7, then Uy NUsN---NUp € 7.

Definition
A topological space X is compact if whenever

X = U Ux (U open),

there exist A1, Ao, ..., A\; such that

X:U)\IUU)\2U---UU)\k.

Definition
A topological space X is Hausdorff if whenever z,y € X (x # y)
there are disjoint open sets U,V such that z € U and y € V.

Example
If X is a finite set, the discrete topology is that where all subsets

of X are decreed to be open.
With this topology, X is compact and Hausdorff.



Back to inverse limits

Suppose {G}, ¢;j}1 is an inverse system of finite groups.
View each G; as a topological space via the discrete topology.

Let C = [[;c; Gi have the product topology.
Tychonoff's Theorem = (' is compact.
Easy to see C' is Hausdorff.

MG@ = {(g@) | gicﬁij = gj \ - j} is closed in C.
Proposition

The inverse limit I(m_’n G; of an inverse system of finite groups is a
compact Hausdorff topological group.

Profinite Groups

Definition
A profinite group is
» an inverse limit of finite groups,
or equivalently

» a compact Hausdorff topological group such that every open
set containing 1 (neighbourhood) necessarily contains an open
subgroup.

Lemma
If G is a compact topological group, then every open subgroup has
finite index.

Theorem
Let G satisfy the second part of the Definition. Then

G = 1im(G/N)ngoc-



Finite images of abstract groups

Let I' be an (infinite abstract) group.

Then {T/N | N <; I} forms an inverse system.
Form G = lim(I'/N)ng,r-

Define

0: T — G

T — (N:C)Ngfr

ker = ﬂ N (finite residual of T).
Nyl

Typically im @ < G, but it is dense.

Profinite Completions

Definition
If " is an arbitrary group, the inverse limit

[ =1im(T/N)ng,r
is called the profinite completion of T.

Theorem
If T is residually finite, then it embeds as a dense subgroup of its
profinite completion T .



A final number theoretic example

Let Q be the algebraic closure of Q:

Q={aeC|p(a) =0 for some p € Q[X]}

:UKP

pEQ[X]

where K, is the splitting field of the polynomial p.
These splitting fields K form a directed set.
An automorphism ¢ of Q is determined by its effect on all the
splitting fields.
Thus
¢ — (¢]k)

is an isomorphism

Gal(@/Q) = lim Gal(K/Q),

so the absolute Galois group is a profinite group.
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