REPRESENTATION THEORY

An Electronic Journal of the American Mathematical Society
Volume 00, Pages 000-000 (Xxxx XX, XXXX)

S 1088-4165(XX)0000-0

A NEW CONSTRUCTION OF THE ASYMPTOTIC ALGEBRA ASSOCIATED
TO THE ¢-SCHUR ALGEBRA
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ABSTRACT. We denote by A the ring of Laurent polynomials in the indeterminate v and
by K its field of fractions. In this paper, we are interested in representation theory of the
“generic” g-Schur algebra Sq(n,r) over A. We will associate to every non-degenerate
symmetrising trace form 7 on KSy(n,r) a subalgebra J- of KSq(n,r) which is iso-
morphic to the “asymptotic” algebra 7 (n,r) 4 defined by J. Du. As a consequence, we
give a new criterion for James’ conjecture.

1. INTRODUCTION

This article is concerned with the representation theory of the “generic” g-Schur algebra
Sy(n,r) over A = Z[v,v~!]. The ¢-Schur algebra was introduced by Dipper and James
in [3] and [4]. There is an interest in studying the representations of this algebra, because
they relate informations about the modular representation theory of the finite general linear
group GL,,(¢) and of the quantum groups.

Using a new basis of Sy(n, ) constructed in [5] (which is analogous to the Kazhdan-
Lusztig basis in Iwahori-Hecke algebras), J. Du introduced in [7] the asymptotic algebra
J(n,r)a over A and defined a homomorphism, ® : S;(n,r) — J(n,r) 4, the so-called
Du-Lusztig homomorphism because its construction is similar to the Lusztig homomor-
phism for Iwahori-Hecke algebras.

There is a relevant open question in the representation theory of the g-Schur algebra,
the so-called James’ conjecture. A precise formulation of this conjecture is recalled in
Section 6. In [9] Meinolf Geck obtained a new formulation of this conjecture. More
precisely, for k any field of characteristic ¢ and for R any integral domain with quotient
field k, if ¢ € R is invertible, we can define the corresponding g-Schur algebra S, (n,7)r
over R and its extension of scalars Sq(n, 7). Similarly, we can define 7 (n, 7).

In [9, 1.2] M. Geck has shown that James’ conjecture holds if and only if, for ¢ > r, the
rank of the homomorphism @y, : S;(n, r)y — J(n,r); only depends on the multiplicative
order of ¢ in k£, but not on .

Thus, in order to prove James’ conjecture, it is relevant to understand the rank of the Du-
Lusztig homomorphism. The motivation of this paper is to develop new methods allowing
to study this rank. More precisely, we will give a new construction of the asymptotic
algebra. Indeed, thanks to methods developed in [14] by the second author and adapted to
our situation, we prove that 7 (n, r) 4 is isomorphic to an algebra .7, which only depends
on the choice of a non-degenerate symmetrising trace form 7 on the semisimple algebra
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KS,(n,r) (here K = Q(v)) such that
Sy(n,m) C Jr C KSy(n,T).

Our main tool is to use the structure of the left cell modules of S;(n,r) to construct an
explicit Wedderburn basis of K S,(n, r) (see Theorem 4.11). The main result of this paper
is Theorem 5.5.

The article is organized as follows. In Section 2, we recall the definition of the “generic”
q-Schur algebra and of its analogue of the Kazhdan-Lusztig basis for Iwahori-Hecke alge-
bras. In Section 3 we prove that the ¢g-Schur algebra satisfies properties which are very
similar to Lusztigs conjectures P1,. .., P15 for Iwahori-Hecke algebras. In Section 4 we
develop some tools to prove our main result in Section 5. Finally, in Section 6 we state a
new criterion for James’ conjecture.

2. THE IWAHORI-HECKE ALGEBRA OF TYPE A AND THE ¢-SCHUR ALGEBRA

Let v be an indeterminate. We set A = Z[v, v~!] to be the ring of Laurent polynomials
in v and K := Q(v) its field of fractions. In order to introduce the g-Schur algebra over
A, we have to recall some definitions and properties about Iwahori-Hecke algebras. We
follow [13].

2.1. Iwahori-Hecke algebras and the Kazhdan-Lusztig basis. Let (IV, S) be a Coxeter
group (here S is the set of simple reflections). We define the corresponding Iwahori-Hecke
algebra H as the free A-module with basis {73, }wew satisfying

TowTw = Tuww if l(ww') = l(w) + I(w'),
(Ts —v)(Ts +v= 1) =0 forse S,

where [ is the length function on W. In [12, §1] Kazhdan and Lusztig define an A-basis
{Cy | w € W} of H which satisfies

Cp=0C, and C, = Z pywly forwe W,

y<w

where < is the Bruhat-Chevalley order on W, and ~ : H — H is the involutive automor-
phism of H definedbyv = v~tand . a,Tw = 3. EwTuj}l and py ., € (v* | k < 0)z
and py, o, = 1. wew wew

Note that we use the more modern notation from [13], that is, our elements 7, here are
the same as in [13] and were denoted by vt (“’)Tw in [12], and our elements C',, here were
denoted by C/, in [12] and by ¢, in [13].

We denote by g, .. the structure constants of H with respect to the basis {Cyp |w €
W}, that is, we have

C.Cy = Z Jz,y,2.C, forxz,y e W.
zeW

We define a relation y <, w on W by: either y = w or there is an s € S such that
gswy 7 0. Let <, be the transitive closure of the relation <, and denote by ~, the
associated equivalence relation on W. The classes for this relation are the so-called left
cells. Similarly, we define <j and ~ , and we call the corresponding equivalence classes
right cells. For y,w € W, we write y <, w if there is a sequence y = yg, Y1 ..., Yn = W
of elements of W such that, for i € {0,...,n — 1}, we have y; <, yi+1 or ¥; <p Yit1.
The classes of the equivalence relation ~ , on W corresponding to <, are the so-called
two-sided cells.
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In [13, §3.6], Lusztig shows that for z € W, there is a unique integer a(z) such that for
every z,y € W, we have g, . € v®®Z[v™] and g, . ¢ v2*~1Z[v~1]. Moreover,
for z € W, we define A(z) = —degp .. For z,y,z € W, we write v, ,, .1 € Z for the
coefficient of v3*) in g, . and we set

D={deW|a(d) = A(d)},

the set of distinguished involutions. In the case that W is a finite Weyl group, an affine Weyl
group, or a dihedral group, Lusztig proved that the following conjectures hold (see [13,
§815-17]):
P1 Forany z € W we have a(z) < A(z).
P2 Letx,y € W;if v, 4 # 0 for some d € D, then we have z = y 1.
P3  Ify € W, there exists a unique d € D such that y, -1 , ; # 0.
P4 Ifz <,py,thena(z) > a(y).
P5 Ifdec Dandy € W are such that y,-1 , 4 # 0, then v, -1 , 4 = F1.
P6 Forde D,wehaved =d !
P7 Foreveryx,y, z€ W,wehave v, . = Vy 2.0 = Vz,z,0-
P8 Letz,y, 2 € Whbesuchthatvy,, . #0,thenz ~, y~ ', y~p 2~
Z ~p L
P9 Ifz <, yanda(z) =a(y),thenz ~, y.
P10 Ifz <; yanda(z) = a(y), then x ~3 y.
P11 Ifz <,pyanda(z) =a(y),thenx ~ 5 y.
P13 Every left cell contains a unique element d € D and vy, -1, 4 7 0 for
every y ~, d.
P14 Foreveryx € W,wehavex ~, 27 1.
P15 Let v be a second indeterminate and let g/, , . € Z[v,v'~"] be obtained from
Ja,y,. Dy the substitution v — v'. If 2,2/, y,w € W satisfy a(w) = a(y),

then
/ _ ’
gw,r/,y’g%y’ﬂ - g%w’y/gy’,z’,y‘
Y’ Y’

Note that in this paper we only consider the case of type A, in which W is the symmetric
group on |S| + 1 points.

L and

2.2. The g-Schur algebra S,(n,r). In the following, we denote by W the symmetric
group of degree r, and by S the set of transpositions s; = (i,i + 1) for 1 < i <r —1
and H is the associated Iwahori-Hecke algebra as in §2.1. Let n,r > 1, we denote by
A(n,r) the set of compositions of r into at most n parts. For A € A(n, ), we denote by
Wy € W the corresponding Young subgroup. For A, ;1 € A(n,r), we set Dy , to be the
set of distinguished double coset representatives of W with respect to W and W,,. We set

M(?’I,,T) = {(/\,IU,/.L) | )‘hu € A(n,r), w e D)\,u}-

Fora = (\,w,u) € M(n,r), we write ro(a) = X and co(a) = p and we set a' =
(s w™t N). For A\, € A(n,r), we set My, = {a € M(n,r) | ro(a) = A, co(a) = u}.
We remark that if w € D), ,, then the double coset W wW¥,, has a unique longest element.
To prove this, we can proceed as follows: we denote by wy the longest element of W,
then oW, = Wp. Here i = (s, fts—1,-..,H1), where o = (1, ..., ps). Moreover,
Twe : W — W, x — xwq induces a bijection from the double coset Wxwwo Wy to the
double coset WywW,,. Thanks to [13, 11.3], we deduce that r,, reverses the Bruhat-order.
Since the double coset W wwoW5 has a unique element of minimal length, the result
follows. We write D; 4 for the set of double coset representatives of maximal length. We
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denote by ¢, , the bijection from D) , to Dj\' u that associates to the representative of
minimal length w of the double coset WwW,, the representative of maximal length. We
remark that if w € D) ,, then wl e D, ». Moreover, we have

Oop(w) ™ = Lua(w™h).

In the following, we set o(a) := £ ,(w) for a = (A, w, p).

We now recall the definition of the g-Schur algebra S,(n, r) introduced by Dipper and
James in [3]. We set ¢ = v?, then the ¢-Schur algebra S,(n,r) of degree (n,7) is the
endomorphism algebra

Sy(n,r) = Endy @ o H |,
AEA(n,T)
where ), = ). '), € H. In [2, 3.4] Dipper and James prove that Sq(n,r) has
weWy
a standard basis {¢Y , | (\,w, 1) € M(n,r)} indexed by the set M(n,r), which plays
the same role as the basis {Ty, | w € W} for the Iwahori-Hecke algebra . Moreover,
in [5] Du proves that S;(n, ) has another basis {6, | a € M (n,r)} whose construction
is analogous to the Kazhdan-Lusztig basis of H. We denote by f, ;. € A the structure
constants with respect to this basis, that is, we have

0,0, = Z fap.cOe foralla,b € M(n,r).
ceEM(n,r)

We recall the following lemma:

Lemma 2.3. We have f, 1, . # 0only ifco(a) = ro(b) and (ro(a), co(b)) = (ro(c), co(c)).

In this case, we have

—1
Jabe =My 9o(a),0),000)-

where ji = co(a) = ro(b) and h,, = > (W= (here w,, denotes the longest
weW,
element in W) and g, (a),5(b),0(c) iS the structure constant of 'H defined in Section 2.1.

Proof. See [5, Prop. 3.4]. We want to explain why we have a further hypothesis here than
in [5, Prop. 3.4]: For ¢ = (A, w,p) € M(n,r) the element 6, is by definition a linear
combination of basis elements ¢3  for z € D) ,. Thus, viewed as endomorphism of
Drca () T AH it vanishes on all summands except on x,’H and maps into the summand
xxH. Thus, if either co(a) # ro(b) or (ro(a),co(b)) # (ro(c),co(c)), the structure
constant f,p . vanishes also. If both equations hold, the proof in [5, Prop. 3.4] works
USINE G (a),0 (), (c)-

We are not claiming that [5, Prop. 3.4] is wrong as stated there. However, the notation
Ja,b,c there needs proper interpretation (see [5, Section 3.3]), a problem we avoid here. [J

Remark 2.4. To further explain the just mentioned change of notation, consider the fol-
lowing: Letn = r = 3, A := (2,1,0), g := (1,1,1), and v := (2,1,0). Then W is
the symmetric group on 3 letters, generated by the two Coxeter generators s; = (1,2)
and s = (2,3). Thus DIM = {s1, 8182, 815251}, DIV = {s1, 8251, 518281} and
D)tu = {81,518281}.

By the relations, we have T, - Ts,5, = T, 5,5, and thus gs, s,s, 515051 = 1. We now
seta := (\,id, u), b := (p, s2,v) and ¢ := (A, s2, ). Thus, we get

Jabe =1"go(a),0b),0(c) = Is1,s251,515051 = 1,
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since h,, = 1 here.

However, if we set @’ := (p, s1, 1), then fy . = 0, because of ro(a’) # ro(c) and
the arguments in the proof of Lemma 2.3. On the other hand, we have ro(a’) = co(b) and
Jo(a'),o(b),0(c) = Js1,s281,518251 = 1. This shows, that we indeed need all the hypothesis

in Lemma 2.3. The statement in [5, Prop. 3.4] is true if one interprets g, p . to be zero.

Definition 2.5 (The a-function and the distinguished elements). Following [7, Section 2],
we extend the a-function to M (n,r) by setting a(a) = a(o(a)) for every a € M(n,r)
and we extend the set D to the set

D(n,r)={d € M(n,r) | co(d) = ro(d), o(d) € D}.

Moreover, for every a, b, ¢ € M(n,r), we define

Va,b.ct =

Yo(a),o(v)o(ct) = Vola)o®)o(@-  if fape 70,
0 otherwise.

Remark 2.6. Note that our definition for 7, . differs slightly from the one in [7, Section

2.2]. His g, 1 our 7y, p +. With our definition we follow the setup in [13] more closely

and get nicer cyclic symmetries in our formulas.

Remark 2.71. In comparison to [7, Section 2.1] we added the explicit hypothesis for the
elements d € D(n,r) that ro(d) = co(d). However, this hypothesis is implicit in [7],
since otherwise the statements in [7, 4.1,(a)—(d)] and some others would not be true.

Now, for a, b € M(n,r), if there is ¢ € M (n,r) such that f.; , # O then we write
a <. b. We define <, by a < bif and only if o’ <, bt. Moreover, we define <ir
as in the Iwahori-Hecke algebra case. These relations induce corresponding equivalence
relations ~,, ~ and ~, . We call the corresponding equivalence classes the left, right

and two-sided cells of M (n, r) respectively.
Let T be a left cell of M (n,r). We set

SSF = Z AQQ and S<1" = Z Aeg’
b<ra b<ra, btra
for some @ € I, both are clearly left ideals of Sq(n7 r) by the definition of <,. Then the

left cell module LC™) corresponding to I' is defined as the quotient S<r/S<r.

We define the right cell module RrRc™) corresponding to a right cell I" of M (n,r) simi-
larly. To see that we get right ideals we have to use Lemma 2.3 and g, .. = gy—1 51,1
for z,y, 2 € W (see [13, 13.2.(e)]) together with o(a’) = o(a)*. This implies f4p =0
if and only if fye 4¢ o+ = 0.

3. LUSZTIG’S CONJECTURES FOR THE ¢-SCHUR ALGEBRA

In this section, we prove that the g-Schur algebra satisfies properties very similar to
P1, ..., P15 for the Iwahori-Hecke algebra. First, we give some preliminary results.

Lemma 3.1. Ifa <, b (resp. <g, <pr), theno(a) <, o(b) (resp. <g, <rr)

Proof. Since ¢ <, b, there is ¢ € M (n,r) such that f., , # 0. But we have f.p, =
hoa) 9o (0),0 (8),0(a) With Ta s 7 0. THUS Go(0). () 0(a) 7 0 and o(a) <, o (b). O

Lemma 3.2. Ifa <, b, then co(a) = co(b). If a < b, then ro(a) = ro(b).

Proof. Since a <, bthereis ¢ € M(n,r) such that f.p , # 0. From Lemma 2.3 follows
that (ro(a), co(a)) = (ro(c), co(b)) and the result is proved. O
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Lemma 3.3. Let A\, p, v € A(n,r), = € DIM and y € D;l,. If 9z,y.» # 0 for some
z € W, then z € D;tu.

Proof. For A € A(n,r) weset Sy := W,N.S, the set of Coxeter generators of the parabolic
subgroup Wj. Let z € D;t pandy € D;y and g, 4 » 7 0. On one hand, this means that
I(sz) < l(z) forall s € Sy and I(ys) < I(y) for all s € S,. On the other hand, we get
z <, yand z < x and thus I(zs) < I(z) forall s € S with I(ys) < I(y) and I(sz) < I(s)
for all s € S with I(sz) < [(x) by [13, Lemma 8.6]. Thus we have in particular that
l(zs) <l(z)forall s € S, and [(sz) < I(z) for all s € S,. Hence z is the longest element

in its W, -W,-double coset in W. O
Lemma 3.4. We have a < bif and only if there is a c € M(n,r) with fy o 4 7 0.

Proof. By definition, a <j b is equivalent to a® <, bt. This in turn means that there
isac € M(n,r) such that f. ¢, 7# 0. As mentioned at the end of Section 2.2 we
have fp .o = 0if and only if f ;¢ ,+ = O which directly implies the statement in the
lemma. S ([

Proposition 3.5. The following properties hold for the q-Schur algebra:
01 Foranya € M(n,r) we have a(a) < A(o(a)).
02 Ifyapd # 0forsome d € D(n,r), then we have b = a'.
03  Foreverya € M(n,r), there is a unique d € D(n,r) with Y4t o g4 7 0.
04 Ifa<.zb then a(@) > a(b)
05 IfdeD(n,r)anda € M(n,r) are such that vat o g 7 0, then Vgt o g = 1.
Q6  Ford € D(n,r), we have d = d'.
Q7  Foreverya, b, c € M(n,r), we have Yo p.c = Vo.c.a = Ye,a,b-
08 Leta,b, c € M(n,r)be suchthat v4p . # 0, then a ~/, bbb~y
and c ~,, a’.
09 Ifa<,banda(a)=a(b), thena ~, b.
Q10 Ifa<gpbanda(a)=a(b), thena ~zb.
Q11 Ifa<,pbanda(a) =a(b), thena ~,5 b
Q13  Every left cell contains a unique element d € D(n,r) and vqt 0,0 7 0
foreverya ~; d.
Q14 Foreverya € M(n,r), we have a ~ 5 a'.
QI5 Letv' be a second indeterminate and let f, , . € Z[v',v'~ "] be obtained from

[y, by the substitution v — v'. Ifa,d’,b,c € W satisfy a(c) = a(b), then

D earwFars =D fact Sy
b b

Proof. We note that Q1 is a direct consequence of Property P1.

We now will prove Property Q2. We suppose that 7, p 4 7 0 for some a, b € M(n,r)
and d € D(n,r). Since Ya,p,q 7 0, it follows that f, ¢ # 0. Thus we have co(a) = ro(b),
ro(a) = ro(d) and co(b) = co(d) by Lemma 2.3. But co(d) = ro(d) implies ro(a) =
co(b). We now write a = (A, wq, 1) and b = (p1, wp, A). We have Ya.p.d = Yo (a),0(b),0(d)-
From o(d) € D we deduce using P2 that o(a) = o(b)~". It follows that ¢, ,(w,) =
Cun(wp) ™ = £y (wy b), we get w, = wy ' and thus Q2 holds.

Let a = (A\,w,pu) € M(n,r). Thanks to Property P3, there is a unique d € D such
that Y, (g)-1,0(a),a # 0. Since o(a)™" = o(a’), we deduce that g, (qt),»(a),a 7 0. But

o(a') € D, and o(a) € DY ,, then Lemma 3.3 gives d € D;; ,. We denote by d the
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representative of minimal length of the coset W,dW,, and we set d := (p, J, i). Then
d € D(n,r) and o(d) = d. It follows that v, 4 ¢ 7 0 and thus Q3 holds.

The property Q4 follows from P4 and Lemma 3.1. The property QS directly follows
from PS, since in our case W is of type A and thus all coefficients of all Kazhdan-Lusztig
polynomials are non-negative by [13, 15.1].

Let d = (\,w,\) € D(n,r); we have o(d) € D, thus P6 gives o(d)~* = o(d).
Therefore, we have /) »(w) = o(d)~! = o(d") = x(w™"), and it follows that w =
w™!; thus Q6 holds. The property Q7 follows directly from P7.

Suppose that v, p . 7 0 for some a, b, ¢ € M(n,r), then fq, »+ # 0 and it follows that

co(a) = ro(b) and (ro(a), co(b)) = (ro(ct), co(c')). Then we have
Jot at.e heo(@ 9o (v),0(at),0(c)
= heo@9o) -t 0@ 00
= heo@Yo(@).0b).00
= fabect

It follows that ¢! <, band ¢ <, a'. Using Q7 and the same arguments applied to Vo,c.a =
Ye,ap 7 0, we deduce that @ ~, bl b~ ¢t and ¢ ~, a'. Thus Q8 holds.

Next we prove Q13. Let a € M(n,r). By Q3 there is a unique d € D(n,r) with
Yat,a,d 7 0 and for this d holds a ~, d by Q8. But for d,d’ € D(n,r) withd ~, d’ we
conclude ro(d) = co(d) = co(d') = ro(d') using Lemma 3.2 and o(d) = o(d’) using
P13 since o(d) ~,, o(d') because of Lemma 3.1. Thus we have proved Q13.

Now we prove Q9. Let a,b € M(n,r) with a <, b and a(a) = a(b). We denote
the unique element of D(n,r) in the left cell of a by d, (resp. d, for b). Using Q4 we
deduce that a(d,) = a(a) and a(d,) = a(b). Moreover, we have d, <, d,. Thus using
Lemma 3.1 shows that o(d,) <, o(d,). Hence, using Property P9, we have o(d,) ~r,
o(d,). However, o(d,) and o(d;) lie in D. Therefore, using P13 in the Iwahori-Hecke
algebra, we deduce that o0(d,,) = o(d,). We now prove that fy 4 4, # 0. Since ro(d,) =
co(d,) = co(d,) = ro(d,) (thanks to Lemma 3.2), we deduce that

-1
fa,dpd, = Tooq 190(d,).0(d,).0(d,)-

Using P13, we deduce that v, (4 )-1,0(d,),0(,) 7 0: hence go(a,).0(d,).0(,) 7# 0. Since
h;ol(da) # 0, it follows that fq_ 4 4, # 0. Hence d, <, d, and Q9 follows.

Property Q10 follows from Q9 by transposition since a(a) = a(a’) foralla € M(n,r)
(use [13, 13.9 (a)]). Property Q11 follows from Q9 and Q10 and induction.

Let a € M(n,r) and d € D(n,r) be the unique element such that a ~, d given
by Q13. Then a’ ~, d' = d and Q14 holds.

Finally, we prove Q15. We first remark that f(/:,a/,b’ # 0if and only if f, .pr # 0,

and f,pp # 0 if and only if fy, .., # 0. Moreover if f. ,, # O, then f/ ,, =

Mot 9o (e).o(a) o) A facp = heo(@)Fo(a)o(e)or): I facp 7# 0, then focp =
heo(a)9o(a),o(e),o ) A fir 40y = o0 9o v),0(a),0(b)- Here hy, is obtained from h,, by

the substitution v — v’. We note that hro(ary and hco(q) do not depend on V. Tt follows
from P15 that

gfg’ﬁg,yfmab = hrota)Pco(a) %93@,o@/),a@’)ga(@)«f@’>vff@
= hro(g/)hco(g)%:ga(g),g(ﬁ)yff@/)fé(b’),d(g')»d(b)

ng,gb’fl;’,a',b'

v o
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Proposition 3.6. Ifa ~, banda ~p b, then a = b.

Proof. Let a = (Mg, Wq, itq) and b = (Ap, wp, pp) be such that @ ~, b and a ~5 b. We
have a <, band a® <, b', then using Lemma 3.2 we deduce that u, = pp and A\, = \p.
Using Lemma 3.1, we deduce that o(a) ~, o(b) and o(a) ~x o(b). Since H is of type A,
it follows that o(a) = o(b), thatis £, ., (wa) = x,,pu. (Ws) = €x,, ., (ws). Hence we get
Wq = Wp. O

4. IRREDUCIBLE CELL MODULES AND DUAL BASIS

In this section we view the extension of scalars KS,(n,r) of the ¢g-Schur algebra
S,(n,r) as a symmetric algebra. This is possible, since it is semisimple (see [1, (9.8)]).
We can take as symmetrising trace form any K-linear form 7 : KSy(n,r) — K thatis a
K-linear combination N

— A
XGIrr(%q(n,r)) Ex
of the irreducible characters where the ¢, are non-zero constants, the so-called Schur ele-
ments (see [10, 7.1.1 and 7.2.6]). Clearly, 7 is non-degenerate.

Having fixed 7, we denote for any K-basis (Bg)aeni(n,r) of KSq(n,r) its dual basis
with respect to 7 by (B} )pens(n,r)- That is, we have 7(B, - B)) = 7(By - By) = dap
forall a,b € M(n,r). Note that this immediately implies that we can write every element
x € KS4(n,r) in the following form:

(4.1) x= Y  r(z-B)Ba= Y  7(z-By)By
a€M(n,r) aceM(n,r)

(just write x as a linear combination of the B,, multiply by some B} and apply 7).

Remark 4.1. We have f,p. = 7(0q - 0y - 0) for all a,b,c € M(n,r). Moreover, we

note that Formula (4.1) immediatelyigives us nice formulas for the matrix representations
coming from the left cell modules. For a left cell I' and an element h € S,(n,r) the

representing matrix of / on the left cell module LCD) with respect to the basis {6, +S<r |
eT}is (7(0) -h-60a))
¢ bis (7 b *’) b,acl

to sum over those b with b <, a.

since h-0g = >y pr(ny T(0) -1 0a) - 0p and it is enough

Lemma 4.2 (Characterisation of <, and < ). We have a <, b if and only if Ggﬁg #0
and a <y b if and only if@;@b £ 0.

Proof. We only show the version with <., the other is completely analogous thanks to
Lemma 3.4. If ¢ <, b there exists a ¢ € M(n,r) with fop, = 7(0:0,0;) # 0 which
implies 6,0 # 0. If we assume the latter, then by the non-degeneracy of 7 there is some

¢ € M(n,r) with 7(6.0,0, ) # 0 and a <, b follows. O
The other major ingredient is the fact that cell modules are simple, more precisely:

Theorem 4.3 (Simple cell modules, see [6] or [7, 4.3]). Let ' be a left cell and recall
K = Q(v). The extension of scalars K Lc® of the left cell module Lc® for a left cell
T is a simple KS4(n,r)-module.

Proof. See [6] or [7, 4.3]. U
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Remark 4.4. This in particular implies that all simple K S,(n, r)-modules can be realised
over the ring A, since their corresponding representating matrices involve only structure
constants of Sq(n, ).

We now directly obtain useful algebra elements by using the simple cell modules:

Theorem 4.5 (Basis of an isotypic component). Let I" be a left cell and x the correspond-
ing irreducible character of the left cell module LC®™), then the elements

(0;10@ ebv)g,ger

are K-linearly independent and span the isotypic component of KS,(n,r) belonging to
the character x. Furthermore, we have the relations

(e 0a08) - (e 0u0p) = Op.ar - 10, 0

foralla,b,a’,b' € T. That is, these elements form a matrix unit for the isotypic component
of KS,(n,r) corresponding to the simple module K Lc™.

Proof. By [10, 7.2.7] we get a matrix unit for the isotypic component of KS,(n, ) corre-
sponding to the simple module K Lc®) by the elements

1 1
— > (O Oe-00) 0 =— Y 7(0-0a8)) - 0Y
Cy z2E e ey = osR e
ceEM(n,r) ceEM(n,r)
for a,b € I'. But this is equal to c;legeg by Formula (4.1). ([

Corollary 4.6. Let I' be a left cell and x the corresponding irreducible character of the
left cell module LCY). Then the element

er = — > 040

x acl
is the central primitive idempotent of KS,(n, r) corresponding to the irreducible character
X-

Proof. By Theorem 4.5 er lies in the isotypic component corresponding to the character x
and is mapped to the identity matrix in the corresponding matrix representation. (]

Lemma 4.7 (Isomorphism of left cell modules and two-sided cells). Let " and TV be left

cells. If KLC™) and K LC") are isomorphic KS,(n,r)-modules then T' and T lie in
the same two-sided cell.

Proof. Let x be the irreducible character of the left cell module LCT) and X’ that of
LCT). The modules K LC™) and K LCT) are isomorphic if and only if er - epr =
ers - er # 0 (and in this case er = er+). Now assume this case. Then

1 1
0F 5> > 0a0,0u0) =5 > > 040y 0u0
X ael bel” X ael bel”

and thus there is at least one pair (a,b) € T' x I such that /0, # 0. By Lemma 4.2 this
implies ¢ <y b. Since er and er» commute, the same argument shows v <, & for some
o' €T and b’ € T'. Thus, T and IV lie in the same two-sided cell in that case. O

For what follows we need the following statement about Iwahori-Hecke-Algebras of
type A:
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Theorem 4.8 (Equal cell modules in the Iwahori-Hecke algebra). Let ‘H be a generic
Iwahori-Hecke-Algebra of type A as in Section 2. If x ~, yand z ~, w and x ~x z and
Yy ~g w, then CyDy—1 = C,D,,—1. In particular, we have

Gu,x,y = T(CquDyfl) = T(CuCszfl) = Gu,z,w
forallu e W.

Proof. This statement is already implicitly stated in [12]. Namely, it is shown there in the
proof of Theorem 1.4 that the two left cell modules defined by the left cell containing x, y
and the one containing z, w are isomorphic since all four lie in the same two-sided. The
exact statement there is that two W-graphs are isomorphic, which means in particular that
not only the two left cell modules are isomorphic, but that even the matrix representations
with respect to the bases {C,, | v ~, z} and {C,, | w ~, z} are equal. But this exactly
means, that
T(Dy—l CuCl) = T(Dw—l CuCZ)

for all w € W which we claim. (]

Now we begin to use statements Q1 to Q14:

Theorem 4.9 (Equality of different left cell modules). Ler I',T” be left cells such that
KLCT and KLCT) are isomorphic KS,(n,r)-modules. Let d be the unique element
inT" ND(n,r) (use Q13) and ¢ ~,, d that is ¢ € I". Then there are unique a,b € T with
a~pcandb ~y d and we have 6,6, = 0.0,

Proof. Let x be the irreducible character of the left cell module LC"'. We denote by ¢,
the corresponding Schur element. Since ¢ ~, d, it follows from Theorem 4.5 that

0,0,0,0] =c 0,0
Therefore we have 7(6;6, 0y604) # 0 and hence 6,6, acts non-trivially on the module

Lc™ (see Remark 4.1) and thus also on the isomorphic module Lc®,
This means that there is at least one pair (a,b) € T' x I such that

(0, 9;/ -0, 0;) = T(G(\i’ -0, Gé/ Oy) = 7(0, 0&’ -0, 9;/) # 0.

But then in particular 60, # 0 and thus a <, ¢ by Lemma 4.2. Since I and I"' lie in
the same two-sided celliby Lemma 4.7, we conclude @ ~, ¢ and thus by Q4 and Q10
a ~p c. Analogously, we show b ~ d. By Proposition 3.6 we conclude that there is only
one such pair (a,b) since both are uniquely defined by their membership in a left and a
right cell.

We now show that fe ,p = fe,c.a foralle € M(n,r) and thus 6,6, = 6, 0;. We have
co(a) = co(b) and co(c) = co(d) = ro(d) = ro(b) and ro(a) = ro(c) by Lemma 3.2 and
the fact that d € D(n, ). Thus, if ro(e) # ro(b) or co(e) # ro(a) then both sides are zero
by Lemma 2.3. Otherwise, we have

-1 -1
feab = Poge) o(@)o@ow) A4 feed =Ny 9o(e).o(0).0(d)
and thus the equality fe 4 p = fe,cq follows from
o(a) ~, 0(b) ~r o(d) ~. o(c) ~r o(a)
using Lemma 3.1 and Theorem 4.8. The non-degeneracy of 7 now immediately implies

6,6y =6,6y. O

With this we get the following result, for which we first need one more piece of notation:
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Definition 4.10 (Schur elements of characters of left cell modules). Let d € D(n,r) and
I the unique left cell with d € I" (remember Q13). We denote the left cell module Lc®
by LC@ and the Schur element corresponding to the irreducible character of LC@ by cq.

Theorem 4.11 (Wedderburn basis). Let T be an arbitrary non-degenerate symmetrising
trace form on KSy(n,r). The set

B = {céleg 0y |ce M(n,r),d e D(n,r),c~, d}
is a Wedderburn basis of KSq(n,r). Two elements 05102 9; and 0;1967/02 lie in the same

isotypic component if and only if LC@ ~ 1,0,
For 03192 03, 0;1057/ 0y € B we have the following equation:

0 if LC@ o LC@)
cg'0.0Y - cgt0.05 =4 0 if LCYW = LCYD andd o, ¢
cg'00y if LCY = LCY) andd ~p ¢
Here, ¢ in the last case is the unique element with ¢’ ~, d' and ¢’ ~, c and the statement
contains the information that such a ¢” in fact exists.

Proof. By Theorem 4.5 the elements c; 6, 6 and c,'6,,6} both lie in an isotypic com-
ponent. Thus, if LC@ 2 LC@) then clearly their product is zero.

Now assume that the left cell modules are isomorphic. Let I' be an arbitrary left cell,
such that K LCT) is isomorphic to K LC@ and K LC) and denote the corresponding
irreducible character by y. By Theorem 4.9 there are unique a, b, a’, b’ € T with

a~pc and b~pd and o ~p¢ and bV ~pd
and we have 0,0 = 0.0 and 0,0y = 60.,0Y. Thus, Theorem 4.5 implies that the
product in the theorem is 0 if b # a” and equal to ¢, '6,, 6 otherwise. We remark that if
d ~p ¢, then @’ ~ b by transitivity. But using Proposition 3.6, a’, b € T implies b = a’.
Hence b = ¢’ if and only if d ~, ¢/ which proves case two in the equation.

Finally, we assume also d ~ ¢’. Then, as ¢’ runs through the left cell that contains d’,
we can apply Theorem 4.9 to each 6,60 and the left cell T'. Since bV eTandd ~, d we
get that -

{ac”oc\i/’ | LN ~rL i/} = {0(1”02// | L” S F}
and both sets have cardinality |T'|. Thus, there is a unique ¢’ with 6.0 = 0, 0} charac-
terised by @ ~ 5 ¢ ~, d’ and the theorem is proved. - O

Corollary 4.12 (Idempotents). The elements c;ed 0y with d € D(n,r) are pairwise
orthogonal primitive idempotents whose sum is the identity 1 € Sy(n,r). The central
primitive idempotent corresponding to an irreducible character x of KS,(n, 1) is equal to

—1 \
) ¢g Pabd
deD(n,r)
LC@ has character X

Proof. This follows directly from Theorems 4.11, 4.9 and 4.5. O
Corollary 4.13 (Left cell modules as submodules). Let d € D(n, r). Then the A-span
L= {004 c~rdy

is a left Sy(n, r)-module by the multiplication in KSq(n,r) that is isomorphic to the left
cell module LC'Y. In fact, the representing matrices with respect to the basis (0. Gg)gw Ld
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are equal to the representing matrices coming from the left cell module LCYD with respect
to its standard basis.

Proof. Let I be the left cell that contains d. Then by Formula (4.1) we have for every
h e Sy(n,r):

hog= > (0 -ho,) 0.
€M (n,r)
Moreover, for a € A, there is a,, € A such that

h = Z 00,

aeM(n,r)

Hence, for ¢, ¢’ € M(n,r), we have (0% - ho,) € A, because 7(0) - 0,0.) € A (see
Remark 4.1). Multiplying this from the right with 0; we get

ho 0y = > 7(h6,6))- 0.0y,

ceM(n,r)

where we only have to sum over ¢ € T, since all the summands are zero unless d <,
¢ <, cby Lemma 4.2, which is equivalent to ¢’ € T". We then deduce that Ly is a left
Sq(n, r)-module. Moreover, comparing with Remark 4.1, this shows the statement about
the representing matrices. (]

Corollary 4.14. The Schur algebra Sy(n,r) is contained in the A-span of the Wedderburn
basis B:

Sq(n,r) C (B) 4

Proof. Let I'y,..., T, be left cells, such that the corresponding left cell modules form
a system of representatives for the isomorphism types of simple left K'S,(n,r)-modules.
The mapping that maps h € KS,(n,r) to its tuple of representing matrices in the cell mod-
ules LCT 1), ceey LCT) with respect to their standard basis is an explicit isomorphism to a
direct sum of full matrix rings over K. In this isomorphism, the elements of 3 are mapped
to a matrix unit, that is, to tuples of matrices, in which exactly one matrix is non-zero, and
this matrix contains exactly one non-zero coefficient equal to 1. The elements of S,(n,r)
are mapped to tuples of matrices with entries in A, since their representing matrices on the
cell modules have entries in A (see the remark after Theorem 4.3). Therefore, Sy(n, r) lies
in the A-span of B. O

Proposition 4.15. Let T be a non-degenerate symmetrising trace form on KSy(n,r). We
denote by B the corresponding Wedderburn basis obtained in Theorem 4.11. Then, the
dual basis of B relative to T is

BY ={0:0] | c€ M(n,r), d € D(n,r), c ~, d}.

Proof. Note first, that since 7 is non-degenerate and B is a basis of KS,(n, r), there must

be at least one element c;,' /6 € Bsuchthat(c;' 6,0y -c;' 6,6} ) is non-zero. Since

ca # 0, we have in particular 7(c; ' 6, 0Y0,,6Y) # 0. We try to find out, which element
6.6 this can be: -

" By Theorem 4.11, the value 7(c;1 6,6 0.6Y%) is equal to zero, if LCY 2 LC) or
d &y . If however LC@W =~ 1,0(@) and d ~p c, then it is equal to (6,6 ) where ¢’
is uniquely defined by ¢/ ~, d’ and ¢ ~j c. If ¢’ # d’, then this value is also equal to
0 because of the original definition of {6Y | a € M(n,r)}. If however ¢’ = d’ we can
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show that ¢’ = ¢! using Proposition 3.6: Namely, we have ¢/ ~; d’ = ¢’ ~ c and thus
~ c! by transposition. Further, we have ¢/ ~ d ~, c and thus again by transposition
~p c'. Thus, ¢’ and ¢! are both left and right equivalent and therefore equal.

Thus, we deduce that

d
d

T(cg' 0,0 - 0.0y) = 0cr ot
forallc € M(n,r) and d € D(n,r) withc ~, d,and all ¢ € M(n,r) and d’ € D(n,r)
with ¢ ~, d'. O
Remark 4.16. Note that as a byproduct we have proved the following result: If ¢ € M (n, )
and d € D(n,r) with ¢ ~, d, and d’ € D(n,r) with ¢! ~, d’, then LC'Y =~ L,C&),
We now talk about A-sublattices of KS,(n, ).

Definition/Proposition 4.17 (A-sublattices of K S, (n, r) and their duals). By an A-lattice
in KS;(n,r) we mean an A-free A-submodule that contains a K -basis of KS,(n,r). Let
L C KS,(n,r) be an A-lattice. Then we set

LY :={h€ KS,(n,r) | 7(hz) € Aforallz € L}

and call it the dual lattice of L. Since 7 is non-degenerate, LV is again an A-lattice in

KS,(n,r), namely, if (by)qe a1 (n,r) is an A-basis of L, then the dual basis (by ) ac v (n,r) i

an A-basis of LY. Clearly, if L C N are two A-lattices in KS,(n, r), then NV C LY.
Note that we do not require an A-lattice to be an A-algebra! O

Proposition 4.18 (The dual is an S,(n,r)-module). We have S,(n,r) - S;(n,r)¥ C
Sy(n,r)Y.

Proof. Fix h € Sy(n,r) and k € Sy(n,r)Y. We have to show that hk € Sy(n,r)Y.
However, for every x € S;(n, r) holds 7(hkx) = 7(kxh). Since zh € S,y(n,r) (because
Sy(n, ) is an algebra), and k € S,(n,r)" we get 7(kxh) € A. O

For the rest of this section we let 7 = Exelrr(KSq(n,r)) X, that is, we choose 7 such
that all Schur elements are equal to 1.

Proposition 4.19 (The Wedderburn-basis is self-dual). Let 7 =3, .1, (x S,(n,r)) X- Then
(B)4 = (B4
for the Wedderburn basis B from Theorem 4.11.

Proof. Since 7 is the sum of the irreducible characters, all Schur elements ¢, are equal to
one. It is then a direct consequence of Proposition 4.15. (]

Corollary 4.20 (The dual of Sy(n,r)). From Lemma 4.14 and Proposition 4.19 follows
(B) 4 € Sq(n,7)”

Proof. Dualising reverses inclusion. (]

5. THE ASYMPTOTIC ALGEBRA AND THE DU-LUSZTIG HOMOMORPHISM

In this section we briefly recall the definition of the asymptotic algebra [J(n,r) for
the ¢-Schur algebra S;(n,r) and of the Du-Lusztig homomorphism ® from S,(n,r) to
J(n,r). We then show that this algebra is isomorphic to the algebra (B) , spanned by
our Wedderburn basis B and that the Du-Lusztig homomorphism can be interpreted as the
inclusion of Sy(n, ) into (B) 4.
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Definition 5.1 (The asymptotic algebra J(n,r)). Let J(n,r) be the free abelian group
with basis {t, | @ € M(n,r)}. We define a multiplication on J (n, ) by setting

taty = Z Yabet * te-
ceEM(n,r)
We set D(n, )y := D(n,r) N My, ). Following Du, we denote the extension of scalars of
J(n,r)to Aby J(n,r)a.
Lemma 5.2 (See [7, (2.2.1)]). The Z-algebra J (n,r) is associative with the identity ele-

ment
> ta

deD(n,r) -
Theorem 5.3 (The Du-Lusztig homomorphism ®, see [7, (2.3]). The A-linear map ® :
Sq(n,r) — J(n,r)a defined by

®(0,) = Z fadp -ty = Z fa.db - tb, where 1 = co(a)

beEM(n,r) beM(n,r)
deD(n,r) deD(n,r)
a(d)=a(b] d~rb

is an algebra homomorphism and becomes an isomorphism KSy(n,r) — J(n,r)x when
tensored with the field of fractions K of A.

Proof. See [7, 2.3]. The latter equation holds, since f, .4 = 0 unless d <, b, and Q9
implies d ~, bin this case. Also we can safely sum over all of D(n, r) neglecting the index
w, since all elements d € D(n,r) fulfill ro(d) = co(d) by definition (see Definition 2.5

and the remark there) and f, 4 = 0 unless co(a) = ro(d) anyway. O

We can now present our main theorem, which links our Wedderburn basis B to the
asymptotic algebra:

Theorem 5.4 (Preimage of the ¢-basis under the Du-Lusztig homomorphism). Let 7 be
an arbitrary non-degenerate symmetrising trace form. All dual bases in the following are
meant with respect to .

With the above notation we have

B(e'0,00) =1, forallce Mn,r)

Proof. The rightmost sum in Theorem 5.3 has the advantage that it provides a formula for
the image of an arbitrary element i € KS,(n,r) under the Du-Lusztig homomorphism,
since it is obviously K-linear in 6,:

shy= S rlh-0,0) -1
beM(n,r) -
d'eD(n,r)
d'~rb

(recall 7(04040)) = fa.arp)- But now we can immediately set b := c; ', 0 for some
c € M(n,r) and d € D(n,r) with ¢ ~,, d. The value 7(c;'0, 0 - 0,6)) is zero (see
Lemma 4.2) unless b <, ¢ ~, d < d ~, b and this implies b ~, c and d’ ~j d
using Q4 and Q10. But this means d’ = d by Q13 and the definition of ~ and thus
b = c because of Lemma 3.6. Thus, in the sum there is only one non-zero summand,
which is 7(c; ', 0 - 0,0Y)t.. Now everything is in a single left cell such that we can use
Theorem 4.5 to get

T(cg'0.07 - 040)) - te=7(0.0)) te=t,
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as claimed. 4
We can summarise our results in the following way:

Theorem 5.5 (New interpretation of the Du-Lusztig homomorphism). Let T be an arbi-
trary non-degenerate symmetrising trace form on KSy(n,r). We define the set B as in
Theorem 4.11 and we set

jT = <B>A .
The following diagram commutes and all unmarked arrows are identities or natural inclu-
sions:

Sq(n,r) I- KSy(n,r)

‘I’lg %g

Sy(n,r) —2> T (n,7)2 — T (n, 1)k

Thus, the asymptotic algebra J (n,r) 4 is nothing but the A-span of our Wedderburn basis
and the Du-Lusztig homomorphism ® can simply be interpreted as the inclusion of Sq(n, )
into (B) 4. Furthermore, our results directly and explicitly show that (B) , is isomorphic
as an A-algebra to a direct sum of full matrix rings over A.

6. A CRITERION FOR JAMES’ CONJECTURE

In this section we show how our results provide an equivalent formulation of a con-
jecture about the representation theory of specialisations of the g-Schur algebra. We first
recall the conjecture.

The construction of the Iwahori-Hecke algebra of type A and of the g-Schur algebra as
in Section 2 together with their Kazhdan-Lusztig bases can be carried out over an arbitrary
integral domain R with quotient field k£ and with an arbitrary invertible parameter ¢ € R
having a square root in that domain. We denote the resulting algebra by S,(n, ) g and its
extension of scalars to k by Sy (n, 7).

The case of the Laurent polynomial ring A = Z[v,v"!] and ¢ = v? is called the
“generic” case, since for every other choice (R, q) there is a ring homomorphism ¢ :
Z[v,v~'] — R mapping v? to ¢ € R, which induces a ring homomorphism S,z (n,7) 4 —
Sq(n,r)r € Sy(n, r)k. This is called a “specialisation”.

It is known, that S;(n, ), is semisimple unless g is an e-th root of unity. If ¢ is a
root of unity, then there is a decomposition matrix, which records the multiplicities of the
simple modules in the so-called “standard modules”. For the case that k has characteristic
zero, recent work by Lascoux, Leclerc and Thibon, and Varagnolo and Vasserot yields a
complete determination of these decomposition matrices (see [15], [8] and the references
there). However, the case of positive characteristic is still open.

James’ conjecture is a statement about this modular case. Roughly speaking, it asserts
that if k is a field of characteristic £ and the multiplicative order e of the parameter ¢ €
k is greater than r, then the decomposition matrix of S,(n,7); does not depend on the
particular value of ¢ but only on e.

We now want to make this statement more precise. Both the simple modules and the
standard modules have a labelling by the set A(n,r). Let Vk): o denote the standard module
and M ,f o the simple module of S, (n,r) corresponding to A and p respectively. Then the
decomposition matrix for S,(n, ), consists of the numbers

dy?, := multiplicity of M in V.
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Conjecture 6.1 (James, see [11, §4] and [8, §3]). If ¢ > r and e is the multiplicative order
of q € k, then d’iiiﬂ = dg(/fe)ﬁe SJorall \, u € A(n,r), where (. is a complex primitive e-th
root of unity.

Meinolf Geck has shown in [9, Theorem 1.2] that this statement is equivalent to the fact
that, for £ > r, the rank of the Du-Lusztig homomorphism ® : Sy(n,r)y — J(n,7)k
with respect to the two bases (04)acri(n,r) and (ta)acri(n,r) is equal to the rank of the
corresponding Du-Lusztig homomorphism S¢z (1, 7)q(¢,.) — J (1, 7)q(c,.) With respect
to the corresponding bases, where e is the multiplicative order of ¢ € k and (5, is a primi-
tive 2e-th root of unity in C. In particular, the rank does not depend on the characteristic ¢
of k.

In view of our Theorem 5.5 this immediately implies:

Theorem 6.2 (An equivalent formulation of James’ conjecture). Let {0, | a € M(n,r)}
be the Du-Kazhdan-Lusztig-basis of Sy(n, r) and let T be a non degenerate symmetrising
trace form for KSy(n,r). Let {0} | a € M(n,r)} be the dual basis of {0, | a € M (n,r)}
with respect to 7. Let B be the basis defined in Theorem 4.11. Let s := |M(n,r)| and
M = (mgp)aperi(n,r) € A**® be the matrix, for which

0, = Z Mg ey, 0y

cEM(n,r)

with ¢;'0, 0y € B holds for all a € M (n,r).

Let { be a prime and @, : Zv,v~] — F; a ring homomorphism, such that the multi-
plicative order of ¢;(v) is equal to 2e. Denote by @o(M) the matrix in F,”* that one gets
by applying the ring homomorphism oy to every entry of M.

Let (o be a primitive 2e-th root of unity in C and . : Z[v, vt — Q(Ca.) be the ring
homomorphism mapping v to Cac. Then there is a ring homomorphism ¢§ : Z[(s.] — F
with @y = § © pe. Denote by p.(M) the matrix in Q((2.)®*® that one gets by applying
the ring homomorphism @, to every entry of M.

Then James’ conjecture is equivalent to the fact that for £ > r the ranks of p(M) (over
Fy) and of e (M) (over Q((2e)) are equal.

Let 7 be a non-degenerate symmetrising trace form on KS,(n, r). We denote by {6, |
a € M(n,r)} the Du-Kazhdan-Lusztig-basis of S;(n,r) and by {0/ | a € M(n,r)}
its dual basis relative to 7. As above, we denote by B the Wedderburn basis obtained in
Theorem 4.11. Moreover, we denote by M = (Mg p)a,peri(n,r) the change of basis matrix
from {0, | @ € M(n,r)} to B as above and by Pr = (pa,b)a,be M (n,r) the change of basis
matrix from {6, | a € M(n,r)} to {6 | a € M(n,r)}, that is:

O = Z Pab - @/
beM (n,r)
forall @ € M (n,r). Formula (4.1) implies that
P, = (T(QQGQ))Q,QeM(n,T) and P;l = (T(GQGQV))g,geM(n,T)-
Lemma 6.3. With the above notation, the matrix
D=M"P'M

is monomial and its entries are the Schur elements cq associated to d € D(n,r) as in
Definition 4.10.
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Proof. The matrix M is the change of basis matrix from BY to {6 | a € M (n,r)} and
thus the matrix D is the change of basis matrix from B" to B, that is:

\% —1 \Y%
0070 = > deecy'0.6y
ceM(n,r)

for all .0 € BY. Using Proposition 4.15, the result follows. O

Proposition 6.4 (A criterion for James’ conjecture). Let T be a non-degenerate symmetris-
ing trace form on KSy(n,r). Let v, : A — Z[(2],v — (2. be a specialisation to char-
acteristic O where v? is mapped to a primitive e-th root of unity in a cyclotomic field and
we : A — Fy is a second specialisation to characteristic £ such that there is a ring homo-
morphism ©§ : Z[Cae] — Fo with oy = ¢§ © .. We suppose that £ > 1 and the following
hypotheses on T:
o The Schur elements cq for d € D(n,r) lie in A.
o The coefficients of the matrix P lie in A.
o Let a be the number of Schur elements cq for d € D(n,r) that do not vanish under
e and b the number of Schur elements that do not vanish under py. The numbers
a and b are both equal to the rank over Q((a.) of the matrix @.(M) for M from
above.

Note that we denote with the notation p.(M) the matrix one gets from M by applying the
ring homomorphism . on every entry.

If T can be found fulfilling all these hypotheses, then James’ conjecture holds for all
£ > r for which @, as above exist.

Proof. We denote by M the change of basis matrix from {6, | a € M(n,r)} to B as
above. Then Lemma 6.3 asserts that

D=M"P M.
Thanks to Theorem 4.11, the coefficients of the matrix M lie in A. By hypothesis, the
matrix P! has coefficients in A. By Lemma 6.3 and the first hypothesis the entries of D
are also in A.

Since the matrices D, M, ML, and P- 1 have coefficients in A, the matrices ve(D),
(M), pi(D), pe(M), oo(MT) and p,(P1) are well-defined. We then have the fol-
lowing equality

pe(D) = pe(MT) - e(P7) - pe(M),
implying that kg, (0¢(D)) < rkg,(0¢(M)). Moreover we have @ (M) = ¢§(pc(M)).
Since ¢§ is a ring homomorphism, we deduce that

rkr, (pe(M)) < tkg(cy,) (e (M)

Since D is a monomial matrix containing only the Schur elements as non-zero entries,
the numbers a and b from the hypotheses are the ranks of . (D) and ¢, (D) respectively.
However, if as in the last hypothesis the ranks of ¢.(M) and ¢(D) are equal, then it
follows that rky, (p¢(M)) < rkg,(pe(D)). We then deduce that

rkr, (pe(M)) = rke, (02(D)),

and the result now follows from Theorem 6.2. O

Remark 6.5. To prove James’ conjecture it is enough to find a symmetrising trace form
7 on KS,(n,r) such that the hypotheses of Proposition 6.4 are satisfied. We notice that
the assumption on P; in the statement of Proposition 6.4 is “generic” in the sense that this
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property only depending on the “generic” g-Schur algebra, but not on specialisations over
finite fields.

Remark 6.6. We can replace the second assumption of Proposition 6.4 by the fact that the
matrix P71 M (or MT P1) has its coefficients in A.

Remark 6.7. For the usual trace form 7 on Iwahori-Hecke algebras of type A, we note
that the assumptions of Proposition 6.4 hold. Then using [14], we can prove in a way
similar to the one of the proof of Proposition 6.4 that the rank of the Lusztig homomorphim
(specialized in a finite field Fy by ¢y : A — F, mapping v? to an element ¢ € F, with
multiplicative order e as above) does not depend on ¢. However as noted by Geck in [9]
an analogue result as Theorem 6.2 in Iwahori-Hecke algebras does not imply the Iwahori-
Hecke algebras James’ conjecture.
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