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Chapter 1.
Introduction

Finite fields is a branch of mathematics which has come to the fore in the
last 50 years due to its numerous applications, from combinatorics to coding
theory. In this course, we will study the properties of finite fields, and gain
experience in working with them.

In the first two chapters, we explore the theory of fields in general.
Throughout, we emphasize results particularly important to finite fields, but
allow fields to be arbitrary unless otherwise stated.

1. Group theory: a brief summary

We begin by recalling the definition of a group.

Definition 1.1. A groupis a set G, together with a binary operation *, such
that the following axioms hold:

Closure: G is closed under the operation x: x,y € G = z *xy € G,
Associativity: (z*xy)*xz=xx* (yx*z) for all z,y,z € G;

Identity: there exists an element e € G (called the identity of G) such that
rxe=exx =x for all x € G,

Inverses: for every element z € G there exists an element x~! € G (called

the inverse of z) such that rxx ' =27 sz =e.

Definition 1.2. A group G is said to be abelian if the binary operation * is
commutative, i.e. if xxy =y *x for all z,y € G. The operation * is often
replaced by + for abelian groups, i.e. = *y is written z 4y

Example 1.3. The following are examples of groups:

e The set Z of integers with the operation of addition;
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e the set of n X n matrices with real entries, with the operation of matrix
multiplication, forms a group.

e Let GG be the set of remainders of all the integers on division by n, e.g.
G ={0,1,...,n—1}. Let a x b be the operation of taking the integer
sum a + b and reducing it modulo n. Then (G, %) is a group.

Definition 1.4. A multiplicative group G is said to be cyclic if there is
an element a € G such that for any b € G there is some integer j with
b = a’. Such an element is called a generator of the cyclic group, and we
write G =< a >.

Note we may have more than one generator, eg either 1 or —1 can be used
to generate the additive group Z.

Definition 1.5. For a set S, a subset R of S x S is called an equivalence
relation on S' if it satisfies:

e (s5,8) € Rfor all s € S (reflexive)
o If (s,t) € R then (t,s) € R (symmetric)

o If (s,t),(t,u) € R then (s,u) € R (transitive).

An equivalence relation R on S induces a partition of S. If we collect all
elements of S equivalent to a fixed s € S, we obtain the equivalence class of
s, denoted by

[s] ={te€S:(st) € R}

The collection of all distinct equivalence classes forms a partition of S, and
[s] = [t] & (s,t) € R.

Definition 1.6. For arbitrary integers a,b and positive integer n, we say
that a is congruent to b modulo n if the difference a — b is a multiple of n,
i.e. a = b+ kn for some integer k.

It is easily checked that “congruence modulo n” is an equivalence relation
on the set Z of integers. Consider the equivalence classes into which the
relation partitions Z. These are the sets:

[a] = {meZ:m=amodn}
= {meZ:m=a-+ kn for some k € Z}.
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E.g. for n = 4 we have:
0={,...,—8,-4,0,4,8,...};
n=4...,—-7-31509,...}
2l={...,—6,-2,2,6,10,...};
B={,...,—5,—-1,3,7,11,...}.

We may define on the set {[0],[1],...,[n — 1]} a binary operation, which
we shall write as + (though it is not ordinary addition) by

la] +[b] = [a + ]

where a and b are any elements of the sets [a] and [b] respectively, and a + b
is the ordinary sum of a and b. Can show (exercise) that this is well-defined,
i.e. does not depend on choice of representatives.

Theorem 1.7. The set {[0],[1],...,[n— 1]} of equivalence classes modulo n
forms a group under the operation + given by [a] + [b] = [a + b]. It is called
the group of integers modulo n and is denoted Z,,. It is cyclic with [1] as a
generator.

Proof. See Example Sheet. |

Definition 1.8. A group is called finite (respectively, infinite) if it contains
finitely (respectively, infinitely) many elements. The number of elements of
a finite group G is called its order, written |G].

Definition 1.9. A subset H of the group G is a subgroup of G if H is itself a
group with respect to the operation of GG. The (cyclic) subgroup consisting of
all powers of some element a € G is denoted < a > and called the subgroup
generated by a.

Next, we generalize the notion of congruence, as follows.

Theorem 1.10. If H is a subgroup of G, then the relation Ry on G defined
by (a,b) € Ry if and only if a = bh for some h € H (additively, a = b+ h for
some h € H ) is an equivalence relation. The relation is called left congruence
modulo H.

Note that when (G, *) = (Z,+) and H =< n >, we get back our previous
definition of congruence, since a = bmodn < a = b+ h for some h e<n >.

The equivalence classes are called the left cosets of H in G; each has size
|H|. Right congruence and right cosets are defined analogously.
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Definition 1.11. The index of H in G (denoted by [G : H]) is the number
of left cosets of H in GG, and is equal to the number of right cosets of H in

G.

Theorem 1.12. The order of a finite group G is equal to the product of the
order of any subgroup H and the index of H in G. In particular, the order
of H divides the order of G and the order of any element a € G divides the
order of G.

Proof. Exercise [ |

We can easily describe subgroups and orders for cyclic groups. In what
follows, ¢ is Euler’s function; i.e. ¢(n) = the number of integers k with
1 < k < n which are relatively prime to n. If the integer n has the prime
factorization pfph? ... pkr, then

1 1 1
dn) =n(l— —)1— =) (1——).
() =n(1= (1= ) (1= )
So, for example, ¢(7) = 6 and ¢(30):2~3-5~%-§-§:8. See Example
Sheet for more details.

Theorem 1.13. (i) Every subgroup S of a cyclic group G =< a > 1is
cyclic.

(ii) In a finite cyclic group < a > of order m, the element a* generates a

subgroup of order edlimy

(11i) For any positive divisor d of m, < a > contains precisely one subgroup
of order d and precisely one subgroup of index d.

(iv) Let f be a positive divisor of m. Then < a > contains ¢(f) elements
of order f.

(v) A finite cyclic group < a > of order m contains ¢(m) generators,
namely the powers a” with ged(r,m) = 1.

Proof.

(i) If S = {1}, then S is cyclic with generator 1. Otherwise, let m be the
least positive integer for which a™ € S. We will show: S =< a™ >.
Clearly < a™ >C S. Now, take arbitrary s € S; s = a* for some
k € Z. By the division algorithm for integers, there exist q,r € Z
with 0 < r < m such that k = gm + r. Then o = a9+ = (a™)%.a",
implying a” € S. If r > 0, this contradicts the minimality of m, so we
must have 7 = 0 and hence s = a* = (a™)? €< a™ >.
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(ii) Set d = ged(k,m). The order of a* is the least positive integer n such
that a*™ = e. This identity holds if and only if m divides kn, i.e. if and
only if % divides n. The least positive n with this property is n = 2.

(iii) Exercise: see Example Sheet.

(iv) Let | < a > | = m and m = df. By (ii), an element a” is of order f
if and only if ged(k, m) = d. So the number of elements of order f is
equal to the number of integers k with 1 < k < m and ged(k,m) = d.
Equivalently, writing £ = dh with 1 < h < f, the condition becomes
ged(h, f) = 1. There are precisely ¢(f) such h.

(v) The first part follows from (iv), since the generators of < a > are
precisely the elements of order m. The second part follows from (ii).

Definition 1.14. e A subgroup H of G is normal < its left and right
cosets coincide.

e For a normal subgroup H, the set of (left) cosets of H in G forms a
group, denoted G//H. The operation is
(aH)(bH) = (ab)H.

Definition 1.15. A mapping f : G — H of the group G into the group H is
called a homomorphism of G into H if f preserves the operation of G. If f is
a bijective homomorphism it is called an isomorphism and we say G and H
are isomorphic. An isomorphism of GG onto itself is called an automorphism

of G.
Definition 1.16. The kernel of the homomorphism f : G — H of the group
G into the group H is the set (actually, normal subgroup)
ker(f) ={a € G:af =en}.
The image of f is the set (actually, subgroup)
im(f) = {af :a € G}.

Theorem 1.17. [First Isomorphism Theorem] Let f : G — H be a homo-
morphism of groups. Then kerf is a normal subgroup of G and

G/kerf = imf.
Proof. Omitted. [ |

Example 1.18. Take G = Z, H = Z, and f : a — [a]. Then f is a
homomorphism with ker(f) =< n > and im(f) = Z,, and so the First
Isomorphism Theorem says that Z/ < n > and Z,, are isomorphic as groups.
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2. Rings and fields

Definition 2.1. A ring (R, +,*) is a set R, together with two binary oper-
ations, denoted by + and #, such that

e R is an abelian group with respect to +;
e R is closed under x;
e x is associative, that is (a % b) xc = ax (b c) for all a,b,c € R;

e the distributive laws hold, that is, for all a,b,c¢ € R we have ax (b+c¢) =
(axb)+ (a*xc)and (b+c)*xa= (bxa)+ (cxa).

Typically, we use 0 to denote the identity element of the abelian group R
with respect to addition, and —a to denote the additive inverse of a € R.

Definition 2.2. e A ring is called a ring with identity if the ring has a
multiplicative identity (usually denoted e or 1).

e A ring is called commutative if * is commutative.
e A ring is called an integral domain if it is a commutative ring with
identity e # 0 in which ab = 0 implies @ = 0 or b = 0 (i.e. no zero

divisors).

e A ring is called a division ring (or skew field) if the non-zero elements
form a group under .

e A commutative division ring is called a field.

Example 2.3. e the integers (Z,+, ) form an integral domain but not
a field;

e the rationals (Q, +, ), reals (R, +,*) and complex numbers (C, +, )
form fields;

e the set of 2 x 2 matrices with real entries forms a non-commutative ring
with identity w.r.t. matrix addition and multiplication.

e the group 7Z, with addition as before and multiplication defined by
[a][b] = [ab] is a commutative ring with identity [1].
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So, in summary: a field is a set I’ on which two binary operations,
called addition and multiplication, are defined, and which contains two dis-
tinguished elements e and 0 with 0 # e. Moreover, F' is an abelian group
with respect to addition, having 0 as the identity element, and the non-zero
elements of F (often written F™*) form an abelian group with respect to mul-
tiplication having e as the identity element. The two operations are linked
by the distributive laws.

Theorem 2.4. FEvery finite integral domain is a field.

Proof. Let R be afinite integral domain, and let its elements be rq, 15, ..., 7.
Consider a fixed non-zero element r € R. Then the products rry,rrs, ..., rr,
must be distinct, since rr; = rr; implies r(r; — ;) = 0, and since r # 0
we must have r; —r; = 0, i.e. 7, = r;. Thus, these products are precisely
the n elements of R. Each element of R is of the form r7;; in particular,
the identity e = rr; for some 1 < i < n. Since R is commutative, we also
have r;r = e, and so r; is the multiplicative inverse of r. Thus the non-zero
elements of R form a commutative group, and R is a field. |

Definition 2.5. o A subset S of a ring R is called a subring of R if S is
closed under + and * and forms a ring under these operations.

e A subset J of a ring R is called an ideal if J is a subring of R and for
all a € J and r € R we have ar € J and ra € J.

e Let R be a commutative ring with an identity. Then the smallest ideal
containing an element a € R is (a) = {ra : r € R}. We call (a) the
principal ideal generated by a.

Definition 2.6. An integral domain in which every ideal is principal is called
a principal ideal domain (PID).

Example 2.7. Z is a PID.

An ideal J of R defines a partition of R into disjoint cosets, residue classes
modulo J. These form a ring w.r.t. the following operations:

(a+J)+(b+J)=(a+Db)+J,

(a+ J)(b+J)=ab+ J.
This ring is called the residue class ring and is denoted R/J.
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Example 2.8. The residue class ring Z/(n)

Here, (n) is the principal ideal generated by the integer n (same set nZ as
the subgroup < n > but now with two operations). As in the group case,
we denote the residue class of a modulo n by [a], as well as by a + (n). The
elements of Z/(n) are [0] =0+ (n),[1] =14+ (n),...,[n—1] =n—1+ (n).

Theorem 2.9. Z/(p), the ring of residue classes of the integers modulo the
principal ideal generated by a prime p, is a field.

Proof. By Theorem 2.4, it is enough to show that Z/(p) is an integral
domain. Now, [a][b] = [ab] = [0] if and only if ab = kp for some k € Z. Since
p is prime, p divides ab if and only if p divides one of the factors. So, either
[a] = [0] or [b] = [0], so Z/(p) contains no zero divisors. W

These are our first examples of finite fields!

Example 2.10. Here are the addition and multiplication tables for the field

7./(3):

+ [0+(@3) 1+(3) 2+(3) * [0+3) 1+3) 2+(3)
0+(3)|0+(3) 1+(3) 2+(3) 0+B3)[0+(3) 0+(3) 0+ (3)
I+3)1+3) 2+3) 04+(3)” 1+3)|0+(3) 1+(3) 24+(3) "
24+ 3)[24+3) 04+(3) 1+ (3) 24+ (3)|0+(3) 24(3) 1+ (3)

Remark 2.11. As you will prove in the Example Sheet, the above result does
not hold if p is replaced by a composite n.

Definition 2.12. A mapping ¢ : R — S (R,S rings) is called a ring homo-
morphism if for any a,b € R we have

¢a+b) = ¢(a) + ¢(b) and ¢(ab) = d(a)d(b).

A ring homomorphism preserves both + and * and induces a homomorphism
of the additive group of R into that of S. Concepts such as kernel and image
are defined analogously to the groups case. We have a ring version of the
First Isomorphism Theorem:

Theorem 2.13 (First Isomorphism Theorem for Rings) If ¢ is a ring
homomorphism from a ring R onto a ring S then the factor ring R/ker¢ and
the ring S are isomorphic.
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We can use mappings to transfer a structure from an algebraic system
to a set without structure. Given a ring R, a set S and a bijective map
¢: R — S, we can use ¢ to define a ring structure on S that converts ¢ into
an isomorphism. Specifically, for s; = ¢(r;) and sy = ¢(r2), define

s1 + $2 to be ¢(r1 +132), and s153 to be ¢(r1)P(ra).

This is called the ring structure induced by ¢; any extra properties of R are
inherited by S.

This idea allows us to obtain a more convenient representation for the
finite fields Z/(p).

Definition 2.14. For a prime p, let F,, be the set {0, 1,...,p—1} of integers,
and let ¢ : Z/(p) — F, be the mapping defined by ¢([a]) = a for a =
0,1,...,p — 1. Then F, endowed with the field structure induced by ¢ is a
finite field, called the Galois field of order p.

From above, the mapping ¢ becomes an isomorphism, so ¢([a] + [b]) =
o([a])+o([b]) and ¢([a][b]) = ¢([a])p([b]). The finite field F,, has zero element
0, identity element 1 and its structure is that of Z/(p). So, computing with
clements of F, now means ordinary arithmetic of integers with reduction
modulo p.

Example 2.15. e 5. the elements of this field are 0 and 1. The oper-
ation tables are:

+]0 1 «[0 1
00 1, 00 O
110 10 1
e We have Z/(5), isomorphic to F5 = {0,1,2,3,4}, where the isomor-
phism is given by [0] — 0,...,[4] — 4. The operation tables are:
+10 1 2 3 4 *x10 1 2 3 4
0j0 1 2 3 4 0(0 0 0 0O
111 2 3 4 0 110 1 2 3 4
212 3 4 0 17 210 2 41 3
313 401 2 310 3 1 4 2
414 0 1 2 3 410 4 3 2 1

Definition 2.16. If R is an arbitrary ring and there exists a positive integer
n such that nr = 0 for every r € R (i.e. r added to itself n times is the zero
element) then the least such positive integer n is called the characteristic of
R, and R is said to have positive characteristic. If no such positive integer n
exists, R is said to have characteristic 0.
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Example 2.17. e [, and F5 have characteristic 2 and 5 respectively.

e Q and R have characteristic 0.

Theorem 2.18. A ring R # {0} of positive characteristic with an identity
and no zero divisors must have prime characteristic.

Proof. Since R contains non-zero elements, R has characteristic n > 2. If
n were not prime, we could write n = km with k,m € Z, 1 < k,m < n. Then
0 = ne = (km)e = (ke)(me), so either ke = 0 or me = 0, since R has no zero
divisors. Hence either kr = (ke)r = 0 for all r € R or mr = (me)r = 0 for
all » € R, contradicting the definition of n as the characteristic. |

Corollary 2.19. A finite field has prime characteristic.

Proof. From Theorem 2.18, we need only show that a finite field F' has
a positive characteristic. Consider the multiples e, 2¢e, 3e, ... of the identity.
Since F' contains only finitely many elements, there must exist integers k£ and
m with 1 < k < m such that ke = me, i.e. (k—m)e =0, and so F has a
positive characteristic. |

Example 2.20. The field Z/(p) (equivalently, F,) has characteristic p.

Theorem 2.21 (Freshmen’s Exponentiation) Let R be a commutative
ring of prime characteristic p. then

(e

(a+b)¥" =a” + " and (a — b)"" = a?" — VP
fora,b € R and n € N.

Proof. It can be shown (see Example Sheet) that

(p) _pp=l) - p—itl)

i 1-2--+4

= Omodp
for all v € Z with 0 < i < p. By the Binomial Theorem,

(a+0)F =a’+ (f)ap—1b+---+ (pfl>abp‘1+bpzap+bp

and induction on n establishes the first identity. The second identity follows
since

a?" = ((a —b) +b)"" = (a —b)"" +b".
|
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3. Polynomials

Let R be an arbitrary ring. A polynomial over R is an expression of the form

fl@) = aa' =ag+ayz+ -+ apa”,

=0

where n is a non-negative integer, the coefficients a; (0 < i < n) are elements
of R, and x is a symbol not belonging to R, called an indeterminate over R.

Definition 3.1. Let f(z) = > ,a;2" = ap+aiz+- - -+a,z" be a polynomial
over R which is not the zero polynomial, so we can suppose a, # 0. Then
n is called the degree of f(x). By convention, deg(0) = —oo. Polynomials of
degree 0 are called constant polynomials. If the leading coefficient of f(x) is
1 (the identity of R) then f(z) is called monic polynomial.

Given two polynomials f and g, we can write f(z) = >  a;z" and
g(x) = D1, bix" (taking coefficients zero if necessary to ensure same n). We
define their sum to be

n

fla) +g(x) =Y (ai+ b))’

i=0
and their product to be
2n
flz)g(z) = chxk, where ¢;, = Z ab;.
k=0 i+j=k,0<i<n,0<j<n

Theorem 3.2. With the above operations, the set of polynomials over R
forms a ring. It is called the polynomial ring over R and denoted by R[x].
Its zero element is the zero polynomial, all of whose coefficients are zero.

Proof. Exercise. [ |

Let F' denote a (not necessarily finite) field. From now on, we consider
polynomials over fields.

We say that the polynomial g € F[z] divides f € Fl[z] if there exists a
polynomial h € F|z] such that f = gh.

Theorem 3.3 (Division Algorithm) Let g # 0 be a polynomial in F|x].
Then for any f € F|x], there exist polynomials q,r € F[z] such that

f=qg+r, where deg(r) < deg(g).
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Using the division algorithm, we may show that every ideal of F[z] is
principal.

Theorem 3.4. F[z] is a principal ideal domain. In fact, for every ideal
J # (0) of Flz| there is a uniquely determined monic polynomial g € Flx]
such that J = (g).

Proof. Let [ be an ideal in Flz]. If I = {0}, then I = (0). If I # {0},
choose a non-zero polynomial k(x) € I of smallest degree. Let b be the
leading coefficient of k(z), and set m(z) = b~'k(z). Then m € I and m
is monic. We will show: I = (m). Clearly, (m) C I. Now take f(z) €
I; by the division algorithm there are polynomials ¢(z),r(z) with f(z) =
q(z)m(x) + r(z) where either r(z) = 0 or deg(r) < deg(m). Now, r(z) =
f(x) —q(z)m(z) € I. If r(z) # 0, we contradict the minimality of m; so we
must have r(x) =0, i.e. f is a multiple of m and I = (m).

We now show uniqueness: if m; € F[z] is another monic polynomial
with I = (my), then m = ¢ymy and m; = com with ¢;,¢co € Flz]. Then
m = cicam, i.e. cica = 1, and so ¢, ¢o are constant polynomials. Since both
m and m; are monic, we must have m = m;. [ |

We next introduce an important type of polynomial.

Definition 3.5. A polynomial p € F[z] is said to be irreducible over F' if
p has positive degree and p = be with b,¢ € F[x] implies that either b or
¢ is a constant polynomial. A polynomial which does allow a non-trivial
factorization over F' is called reducible over F'.

Note that the field F' under consideration is all-important here, e.g. the
polynomial 2+ 1 is irreducible in R[z] but reducible in C[z], where it factors
as (z+1)(z —1).

Theorem 3.6 (Unique Factorization) Any polynomial f € F|x] of posi-
tive degree can be written in the form

€k

f=ap? ...p;

where a € F, py,...,p are distinct monic irreducibles in F(x] and ey, . .., eg
are positive integers. This factorization is unique up to the order in which
the factors occur; it is called the canonical factorization of f in F[z].

Proof. Omitted. [ |

Example 3.7. Find all irreducible polynomials over Fy of degree 3.
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First, note that a non-zero polynomial in Fy[z] must be monic. The degree 3
polynomials are of the form a2 + az? + bx + ¢, where each coefficient is 0 or 1,
i.e. there are 23 = 8 of them. Such a polynomial is reducible over [, precisely
if it has a divisor of degree 1. Compute all products (z + ag)(x* + bz + bg)
to obtain all reducible degree 3 polynomials over 5. There are 6 of these,
leaving 2 irreducibles: z° + z + 1 and z® + 2% + 1.

Theorem 3.8. For f € F[z], the residue class ring F[z|/(f) is a field if and
only if f 1s irreducible over F.

Proof. Details omitted. For those who know some ring theory this is
immediate since, for a PID S, S/(c) is a field if and only if ¢ is a prime
element of S. Here, the prime elements of the PID R[x| are precisely the
wrreducible polynomials. |

We will be very interested in the structure of the residue class ring
F[z]/(f), for arbitrary non-zero polynomial f(z) € F[z]. To summarize,

e Flx]/(f) consists of residue classes g + (f) (also denoted [g]) with ¢ €

e Two residue classes g + (f) and h + (f) are identical if and only if
g = hmod f, i.e. precisely if g — h is divisible by f. This is equivalent
to: g and h have the same remainder on division by f.

e Each residue class g + (f) contains a unique representative r € F[z]
with deg(r) < deg(f), namely the remainder when g is divided by f.
The process of moving from g to r is called reduction mod f. (Exercise:
uniqueness?)

e Hence the distinct residue classes comprising F'[z|/(f) are precisely the
residue classes r + (f), where r runs through all polynomials in F|x]
with deg(r) < deg(f).

e In particular, if F' =T, and deg(f) = n, then the number of elements
of F,/(f) is equal to the number of polynomials in F,/(f) of degree
< n, namely p".

Example 3.9. e Let f(z) = & € Fylz]. The field F,/(z) has 2! = 2
elements, namely 0 + (z) and 1+ (z). This field is isomorphic to Fs.
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o Let f(x) =2®+ 2+ 1 € Fo[z]. Then Fy[z]/(f) is a finite field of 2% = 4
elements: {0+ (f), 1+ (f),z+ (f),z+ 1+ (f)}. Its behaviour under
addition and multiplication is shown below (remember our field has
characteristic 2). When performing field operations note that, since we
replace each occurrence of f by 0, the polynomial representative for
each residue class has degree less than 2.

+ 0+ () 1+()  a+(f) x+1+()
0+ () | 0+(f)  1+()  a+(/) a+1+(f)
1+() | 140 0+()  w+1+() 0+()
p+(f) | a4 () wl+() 04D 1+(f

s+ 14 () e +14(f)  2+()  1+()  0+(f)

f 04D 14D @t () a+l4(f)
0+ (f) [0+(f) 0+(f)  0+()  0+(f)
L+(f) [04+()  1+()  a+()  z+1+()
r+(f) |0+(f) a2+ a+14(H)  1+(f)

r+ 1L (N[04 a+1+() 1+ a+(f)

Note that, in the multiplication table,
@+ N+ =a+()=Ff-z-1+()=z+1+(f),

@+ (MNe+1+()=*+a+(f)=F—1+(f) =1+ (),
E+1+(N@+1+ () =" +1+ () =f—z+(f) =2+ (f).

Comparing these tables to those in Example 2.15, we see that the field
Fylx]/(f) is isomorphic to Fy.
What is the multiplicative order of x + (f) in Fo[z]|/(f)? The multi-

plicative group of this field has order 22 — 1 = 3, so the order must
be 1 or 3. Clearly = + (f) # 1 + (f), so the order must be 3. Check:

(x4()? = (@+( )@+ (f)) = 2(z+1)+(f) = 2 +2+(f) = 1+(f).

o Let f(z) = 2*> + 2 € Fi[z]. We find that F3[z]/(f) is a ring of 9
elements which is not even a domain, let alone a field. Its elements are

{0+ (f), 1+ (f),2+(f), 2+ (f),z+1+(f),x+2+(f), 20+ (f), 22+
1+ (f),2x 4+ 2+ (f)}. To see that it is not an integral domain, note

that (z +1+(f))(x =1+ (f)) = 2> =1+ (f) =2+ 2+ (f) = 0+ (f),
but neither z + 1+ (f) nor x — 1+ (f) are zero.

Definition 3.10. An element a € F is called a root (or zero) of the polyno-
mial f € Flz] if f(a) =0.
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Example 3.11. (i) The elements 2,3 € Q are roots of 2 — 5x + 6 € Q[z].
(i) The polynomial 2% + 1 € Q[z] has no roots in @, but two roots +i € C,

Definition 3.12. If f(z) = ag + a1 + asx® + - -+ + a,2™ € F|x], then the
derivative f' of f is defined by f = f/(x) = ay +2asx + - - - +na,a" ' € Flx].

This obeys the familiar rules:

[f(x) + g9(2)] = f'(z) + ¢'(2)
and

[f(@)g(@)]" = f(2)g'(z) + f'(x)g(x).

Theorem 3.13. An element a € F is a root of the polynomial f € Fl[x] if
and only if v — a divides f(x).

Proof. Using the Division Algorithm, we can write

f(x) = q(z)(x —a)+c

with ¢ € F[z] and ¢ € F. Substituting © = a, we get f(a) = ¢, hence
f(z) =q(z)(x —a) + f(a). The theorem follows from this identity. W

Definition 3.14. Let a € F be a root of f € F[z]. If k is a positive integer
such that f(x) is divisible by (z — a)* but not (z —a)*™!, then k is called the
multiplicity of a. If k > 2 then a is called a multiple root of f.

Theorem 3.15. An element a € F is a multiple root of f € F[z] if and only
if it is a root of both f and its derivative f’.

Proof. Exercise [ |

Example 3.16. Consider the polynomial f(z) = 2° —72%+16x—12 € Q[z].
It factors as (x—2)2(x—3), so its roots are 2 (with multiplicity 2) and 3 (with
multiplicity 1). Here, f/(x) = 32? — 14z + 16 which factors as (x —2)(3z —8),
so we can verify that 2 is also a root of f’.

The following observation is very important.

Theorem 3.17. If I is a field and f(x) € F[z] has degree n, then F' con-
tains at most n roots of f(x).

Proof. Outline: Suppose F' contains n + 1 distinct roots aq,...,a,+1 of
f(z). By Theorem 3.13, we can show that this implies f(z) = (z — a;)(z —
as) -+ (r — apy1)g(x) for some polynomial g(x), contradicting deg(f) = n.
n
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Chapter 2.
Some field theory

4. Field Extensions

Definition 4.1. Let F' be a field. A subset K that is itself a field under the
operations of F'is called a subfield of F'. The field F' is called an extension
field of K. If K # F, K is called a proper subfield of F'.

Definition 4.2. A field containing no proper subfields is called a prime field.

For example, I, is a prime field, since any subfield must contain the ele-
ments 0 and 1, and since it is closed under addition it must contain all other
elements, i.e. it must be the whole field.

Definition 4.3. The intersection of all subfields of a field F' is itself a field,
called the prime subfield of F'.

Remark 4.4. The prime subfield of F' is a prime field, as defined above (see
Ezample Sheet).

Theorem 4.5. The prime subfield of a field F' is isomorphic to Q if F' has
characteristic 0 and is isomorphic to Fy, if F' has characteristic p.

Proof.  Denote by P(F) the prime subfield of F. Let F be a field of
characteristic 0; then the elements nlg (n € Z) are all distinct, and form a
subring of F' isomorphic to Z. The set

Q(F) ={mlg/nlp :m,n € Z,n # 0}

is a subfield of F' isomorphic to Q. Any subfield of F must contain 1 and 0
and so must contain Q(F'), so Q(F) C P(F). Since Q(F) is itself a subfield
of F'; we also have P(F) C Q(F), so in fact Q(F) is the prime subfield of F'.
If F' has characteristic p, a similar argument holds with the set

Q(F) ={0p,1p,2(1F),...,(p — 1)1p},

and this is isomorphic to F,,. |

19
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Definition 4.6. e Let K be a subfield of the field F' and M any subset
of F. Then the field K (M) is defined to be the intersection of all
subfields of F' containing both K and M i.e. it is the smallest subfield
of F' containing both K and M. It is called the extension field obtained
by adjoining the elements of M.

e For finite M = {ay,...,a,} , we write K(M) = K(ay,...,ay).

o If M ={a}, then L = K(«) is called a simple extension of K and « is
called a defining element of L over K.

The following type of extension is very important in the theory of fields
in general.

Definition 4.7. e Let K be a subfield of F and o € F. If « satisfies a
nontrivial polynomial equation with coefficients in K, i.e. if

n0" 4 Ay 10" N+ ar0q +ag =0
for some a; € K not all zero, then « is algebraic over K.

e An extension L of K is called algebraic over K (or an algebraic exten-
sion of K) if every element in L is algebraic over K.

Example 4.8. e The element v/3 € R is algebraic over Q, since it is a
root of the polynomial 2* — 3 € Qlz].

e The element i € C is algebraic over R, since it is a root of z?+1 € R|x].

e The element m € R is not algebraic over Q. An element which is not
algebraic over a field F' is said to be transcendental over F.

Given o € F which is algebraic over some subfield K of F, it can be
checked (exercise!) that the set J = {f € Klz| : f(a) = 0} is an ideal of
K[z] and J # (0). By Theorem 3.4, it follows that there exists a uniquely
determined monic polynomial g € K[z] which generates J, i.e. J = (g).

Definition 4.9. If « is algebraic over K, then the uniquely determined
monic polynomial g € K[z]| generating the ideal J = {f € Klz]: f(a) = 0}
of K[z] is called the minimal polynomial of o over K. We refer to the degree
of g as the degree of a over K.

The key properties of the minimal polynomial are summarised in the next
theorem. The third property is the one most useful in practice.
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Theorem 4.10. Let o € F be algebraic over a subfield K of F, and let g be
the minimal polynomial of oc. Then

(1) g is irreducible in K|x];
(i1) For f € K[z], we have f(a) =0 if and only if g divides f;
(11i) g is the monic polynomial of least degree having o as a Toot.

Proof. (i) Since g has the root «, it has positive degree. Suppose g = hihs
in K[z] with 1 < deg(h;) < deg(g) (¢« = 1,2). This implies 0 = g(a) =
hi(a)hy(), and so one of hy or hy must lie in J and hence is divisible by g,
a contradiction.

(ii) Immediate from the definition of g.

(iii) Any monic polynomial in K [x] having « as a root must be a multiple of
g by (ii), and so is either equal to g or has larger degree than g. [ |

Example 4.11. e The element v/3 € R is algebraic over QQ since it is
a root of 2 — 3 € Q[z]. Since 2® — 3 is irreducible over Q, it is the
minimal polynomial of v/3 over Q, and hence v/3 has degree 3 over Q.

e The element i = v/—1 € C is algebraic over the subfield R of C, since
it is a root of the polynomial 2? + 1 € R[z|. Since 22 + 1 is irreducible
over R, it is the minimal polynomial of 7 over R, and hence 7 has degree
2 over R.

5. Field extensions as vector spaces

Let L be an extension field of K. An important observation is that L may
be viewed as a vector space over K. The elements of L are the “vectors” and
the elements of K are the “scalars”.

We briefly recall the main properties of a vector space.

Definition 5.1. A vector space V over F is a non-empty set of objects (called
vectors) upon which two operations are defined

e addition - there is some rule which produces, from any two objects in
V', another object in V' (denote this operation by +)

e scalar multiplication - there is some rule which produces, from an ele-
ment of F' (a scalar) and an object in V, another object in V'

and these objects and operations obey the Vector Space Axioms:
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l.x+y=y+aforallz,yecV

2. (z+y)+z=a+y+z2) forallz,y,zeV

3. there exists an object 0 € V such that t +0=x for all z € V

4. for every x € V there exists an object —x such that z + (—z) =0
5. Mz +y) =z + My for all z,y € V and all scalars \ € F

6. A+ p)xr = Az + px for all x € V and all scalars A\, u € F

7. (Au)x = AMpx) for all x € V and all scalars A\, u € F

8. lx=zforallz eV

Definition 5.2. e A basis of a vector space V over F' is defined as a
subset vy, ..., v, of vectors in V that are linearly independent and span
V. If vy, ..., v, is a list of vectors in V, then these vectors form a basis

if and only if every v € V' can be uniquely written as
v=aiv1 + -+ apv,
where aq,...,a, are elements of the base field F.

e A vector space will have many different bases, but there are always the
same number of basis vectors in each. The number of basis vectors in
any basis is called the dimension of V' over F'.

e Suppose V' has dimension n over F. Then any sequence of more than
n vectors in V' is linearly dependent.

To see that the vector space axioms hold for a field L over a subfield
K, note that the elements of L form an abelian group under addition, and
that any “vector” « € L may be multiplied by an r € K (a “scalar”) to get
ra € L (this is just multiplication in L). Finally, the laws for multiplication
by scalars hold since, for r, s € L and a, 8 € K we have r(a+ ) = ra+r[3,
(r+s)a=ra+sa, (rs)a =r(sa) and la = a.

Example 5.3. Take L = C and let K be its subfield R. Then we can easily
check that C is a vector space over R. Since we know from school that
C={a+bi:a,be R}, it is clear that a basis is given by {1,7}.
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Definition 5.4. Let L be an extension field of K. If L is finite-dimensional
as a vector space over K, then L is said to be a finite extension of K. The

dimension of the vector space L over K is called the degree of L over K and
written [L : K.

Example 5.5. From above, C is a finite extension of R, of degree 2.

Theorem 5.6. If L is a finite extension of K and M is a finite extension
of L, then M 1s a finite extension of K with

M : K] =[M:L|[L:K].

Proof. Let [M : L] =m, [L: K| =mn;let {oq,...,ay} be a basis of M
over L and let {f,...,0,} be a basis of L over K. We shall use them to
form a basis of M over K of appropriate cardinality.

Every a € M can be expressed as a linear combination v = yia1 + -+ - +
VmQm for some vy,...,79,, € L. Writing each 7; as a linear combination of
the 3;’s we get

a=) mai=Y (Y ryfai=) Y b
=1

i=1 j=1 i=1 j=1

with coefficients 7;; € K. We claim that the mn elements 3;a; form a basis
of M over K. Clearly they span M; it suffices to show that they are linearly
independent over K.

Suppose we have

m n
E E Si]ﬂjai = 0
=1 j=1

where the coefficients s;; € K. Then

n

Z(Z Sijﬁj)ai =0,

i=1 j=1

and since the «; are linearly independent over L we must have

n

Z Sijﬁj = O

J=1

for 1 <4 < m. Now, since the 3, are linearly independent over K, it follows
that all the s;; are 0, as required. |
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Theorem 5.7. Fvery finite extension of K is algebraic over K.

Proof. Let L be a finite extension of K and let [L : K| = m. For a € L,
the m+1 elements 1, , ..., a™ must be linearly dependent over K, i.e. must
satisfy ag + a1 + -+ - a,,™ = 0 for some «o; € K (not all zero). Thus « is
algebraic over K. |

Remark 5.8. The converse of Theorem 5.7 is not true, however. See the
Example Sheet for an example of an algebraic extension of Q which is not a
finite extension.

We now relate our new vector space viewpoint to the residue class rings
considered previously.

Theorem 5.9. Let a € F be algebraic of degree n over K and let g be the
manimal polynomial of o over K. Then

(i) K(«) is isomorphic to K[x]/(g);
(i1) [K(a): K] =n and {1,«,...,a" '} is a basis of K(a) over K ;

(111) Every B € K(«) is algebraic over K and its degree over K is a divisor

of n.

Proof. (i) Consider the “evaluation at «” mapping 7 : K[z] — K(«),
defined by

7(f) = fla) for f € Klx];

it is easily shown that this is a homomorphism. Then

kerr = {f € K[z]: f(a) =0} = (9)

by the definition of minimal polynomial. Let S be the image of 7, i.e the set
of polynomial expressions in « with coefficients in K. By the First Isomor-
phism Theorem for rings we have S = KJz|/(g). Since g is irreducible, by
Theorem 3.8, Kz]/(g) is a field and so S is a field. Since K C S C K(«)
and o € S, we have S = K(«) by the definition of K (), and (i) follows.

(ii) Spanning set: Since S = K(«), any # € K(«) can be written in the
form § = f(«) for some polynomial f € K[z]. By the division algorithm,
f =qg + r for some ¢,r € K[z] and deg(r) < deg(g) = n. Then

p = fla) =qla)g(@) + r(e) = r(a),
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and so (3 is a linear combination of 1, c,...,a" ! with coefficients in K.

LI: ifay+ aa+- -+ ap_1a” ! =0 for some aq,...,a,_; € K, then the
polynomial h(z) = ag + a1z + -+ + a,_12"' € K|z] has a as a root, and
is thus a multiple of its minimal polynomial g. Since deg(h) < n = deg(g),
this is possible only if A = 0, i.e. a9 = --- = a,_1 = 0. Thus the elements
1,a,...,a" ! are linearly independent over K.

(iii) K (o) is a finite extension of K by (ii), and so 8 € K(«) is algebraic
over K by Theorem 5.7. Moreover, K([3) is a subfield of K(«). If d is the
degree of # over K, then n = [K(a) : K] = [K(«a) : K(B)][K(B) : K] =
[K(a) : K(0)]d, i.e. d dividesn. H

Remark 5.10. This theorem tells us that the elements of the simple exten-
sion K(«a) of K are polynomial expressions in «, and any 3 € K(a) can
be uniquely expressed in the form B = ag + aja + -+ - + an_1&™ 1 for some
a; € K.

Example 5.11. Consider the simple extension R(:) of R. We saw earlier
that ¢ has minimal polynomial 2% + 1 over R.
So R(i) 2 R[z]|/(2? + 1), and {1,i} is a basis for R(i) over R. So

R(i) ={a+bi:a,be R} =C.

Example 5.12. Consider the simple extension Q(+v/3) of Q. We saw earlier
that +v/3 has minimal polynomial 2% — 3 over Q.
So Q(V/3) = Q[z]/(x* — 3), and {1,+/3, (¥/3)?} is a basis for Q(¥/3) over
Q. So
Q(V3) = {a+bV3+c(V3)*: a,b,c € Q}.

Note that we have been assuming that both K and a are embedded in
some larger field F'. Next, we will consider constructing a simple algebraic
extension without reference to a previously given larger field, i.e. “from the
ground up”.

The next result, due to Kronecker, is one of the most fundamental results
in the theory of fields: it says that, given any non-constant polynomial over
any field, there exists an extension field in which the polynomial has a root.

Theorem 5.13 (Kronecker) Let f € K[z]| be irreducible over the field K.
Then there exists a simple algebraic extension of K with a root of f as a
defining element.

Proof.
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e Consider the residue class ring L = K{[z|/(f), which is a field since f

is irreducible. Its elements are the residue classes [h] = h + (f), with
h € K|z].

For any a € K, think of a as a constant polynomial in K[z] and form
the residue class [a]. The mapping a — [a] gives an isomorphism from
K onto a subfield K’ of L (exercise: check!), so K’ may be identified
with K. Thus we can view L as an extension of K.

For every h(z) = ap + a1z + - - - + apa™ € K[z], we have

[h] = Jao+az+ -+ apx™]
[ao] + [an][z] + - - - + [am][2]™
= ao+ax]+ -+ apfz]™

(making the identification [a;] = a;). So, every element of L can be
written as a polynomial in [z] with coefficients in K. Since any field
containing K and [x] must contain these expressions, L is a simple
expression of K obtained by adjoining [x].

If f(x) =by+bix+---+b,a", then
f([2]) = bo + ba[z] + -+ bu[2]" = [f] = [0],

i.e. [x] is a root of f and L is a simple algebraic extension of K.

Example 5.14. Consider the prime field F5 and the polynomial 22 +2+2 €
F3[x], irreducible over 3. Take 6 to be a “root” of f, in the sense that 6 is
the residue class [z] =z + (f) € L = Fs[z]/(f). Explicitly, we have:

fO0)=f(z]) = flz+(f))
= (@+ () + @+ )+ 2+ ()
= x2+;1:+2+(f)
= f+(f)
= 0+(f)
= [0].

The other root of f in L is 20 + 2, since f(20 +2) = 62+ 60 +2 = 0. By
Theorem 5.9, the simple algebraic extension L = [F3() consists of the nine
elements 0,1,2,60,0 + 1,0 + 2,260,260 + 1,20 + 2.
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Example 5.15. Consider the polynomial f(x) = 22 + 2 4+ 1 € Fa[x], irre-
ducible over Fy. Let 0 be the root [z] = x+(f) of f; then the simple algebraic
extension L = Fy(#) consists of the four elements 0,1,6,60 + 1. (The other
root is @ + 1). The tables for addition and multiplication are precisely those
of Example 3.9, now appropriately relabelled. We give the addition table:

+ 0 1 0 0+1
0 0 1 0 0+1
1 1 0o 60+1 0
0 g o0+1 0 1
0+1|0+1 0 1 0

Note that, in the above examples, adjoining either of two roots of f would
yield the same extension field.

Theorem 5.16. Let o and (3 be two roots of a polynomial f € K|z| that is
irreducible over K. Then K(a) and K(f) are isomorphic under an isomor-
phism mapping a to B and keeping the elements of K fized.

Proof. Omitted. ]

Given a polynomial, we now want an extension field which contains all
its roots.

Definition 5.17. Let f € K|z] be a polynomial of positive degree and F' an
extension field of K. Then we say that f splits in F' if f can be written as a
product of linear factors in F'|z], i.e. if there exist elements a4, ...,a, € F
such that

fl@) =a(z —ar)---(z = an)

where a is the leading coefficient of f. The field F' is called a splitting field
of f over K if it splits in F and if F' = K(aq,...,q,).

So, a splitting field F' of a polynomial f over K is the smallest field
containing all the roots of f, in the sense that no subfield of F' contains all
roots of f. The following result answers the questions: can we always find a
splitting field, and how many are there?

Theorem 5.18 (Existence and uniqueness of splitting field) (i) If K
is a field and [ any polynomial of positive degree in K|[zx|, then there
exists a splitting field of f over K.
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(11) Any two splitting fields of f over K are isomorphic under an isomor-
phism which keeps the elements of K fized and maps roots of f into
each other.

So, we may therefore talk of the splitting field of f over K. It is obtained
by adjoining to K finitely many elements algebraic over K, and so we can
show (exercise!) that it is a finite extension of K.

Example 5.19. Find the splitting field of the polynomial f(z) = 2% +2 €
Q[z] over Q.

The polynomial f splits in C, where it factors as (z — iv/2)(z + iv/2).
However, C itself is not the splitting field for f. It turns out to be sufficient
to adjoin just one of the complex roots of f to Q. The field K = Q(iv/2)
contains both of the roots of f, and no smaller subfield has this property, so
K is the splitting field for F'.

Splitting fields will be central to our characterization of finite fields, in
the next chapter.
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Finite fields

We have seen, in the previous chapters, some examples of finite fields. For
example, the residue class ring Z/pZ (when p is a prime) forms a field with
p elements which may be identified with the Galois field F, of order p.

The fields F, are important in field theory. From the previous chapter,
every field of characteristic p contains a copy of F, (its prime subfield) and
can therefore be thought of as an extension of F,. Since every finite field
must have characteristic p, this helps us to classify finite fields.

6. Characterizing finite fields

Lemma 6.1. Let I be a finite field containing a subfield K with q elements.
Then F has q" elements, where m = [F : K].

Proof. F' is a vector space over K, finite-dimensional since F' is finite.
Denote this dimension by m; then F' has a basis over K consisting of m
elements, say by,...,b,,. Every element of F' can be uniquely represented in
the form kb1 +- - - kb, (where kq, ...k, € K). Since each k; € K can take
q values, F' must have exactly ¢™ elements. |

We are now ready to answer the question: “What are the possible cardi-
nalities for finite fields?”

Theorem 6.2. Let F be a finite field. Then F has p™ elements, where the
prime p is the characteristic of F' and n is the degree of F' over its prime
subfield.

Proof.  Since F is finite, it must have characteristic p for some prime p
(by Corollary 2.19). Thus the prime subfield K of F' is isomorphic to F,, by
Theorem 4.5, and so contains p elements. Applying Lemma 6.1 yields the
result. |

29
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So, all finite fields must have prime power order - there is no finite field
with 6 elements, for example.

We next ask: does there exist a finite field of order p" for every prime
power p"? How can such fields be constructed?

We saw, in the previous chapter, that we can take the prime fields F,, and
construct other finite fields from them by adjoining roots of polynomials. If
f € F,[z] is irreducible of degree n over F,, then adjoining a root of f to I,
yields a finite field of p™ elements. However, it is not clear whether we can
find an irreducible polynomial in F,[z] of degree n, for every integer n.

The following two lemmas will help us to characterize fields using root
adjunction.

Lemma 6.3. If F is a finite field with q elements, then every a € F' satisfies
a? = a.

Proof. Clearly a? = a is satisfied for a = 0. The non-zero elements form
a group of order ¢ — 1 under multiplication. Using the fact that a/l = 14
for any element a of a finite group G, we have that all 0 # a € F satisfy
a! =1, ie. a! = a. |

Lemma 6.4. If F is a finite field with q elements and K is a subfield of F,
then the polynomial x? — x in K[z| factors in F|x] as

xq—m:H(m—a)

acF

and F is a splitting field of x¢ — x over K.

Proof. Since the polynomial 29 — x has degree ¢, it has at most ¢ roots
in F'. By Lemma 6.3, all the elements of F' are roots of the polynomial, and
there are ¢ of them. Thus the polynomial splits in F' as claimed, and cannot
split in any smaller field. ]

We are now ready to prove the main characterization theorem for finite
fields.

Theorem 6.5 (Existence and Uniqueness of Finite Fields) For every
prime p and every positive integer n, there exists a finite field with p" ele-
ments. Any finite field with ¢ = p" elements is isomorphic to the splitting
field of z7 — x over F,,.
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Proof. (Existence) For ¢ = p”, consider 2 — z in F,[z], and let F' be its
splitting field over F,. Since its derivative is gz?! — 1 = —1 in F,[z], it can
have no common root with 27 — x and so, by Theorem 3.15, 29 — x has q
distinct roots in F'. Let S = {a € F': a? —a = 0}. Then S is a subfield of F’
since

e S contains 0;

e a,b € S implies (by Freshmen’s Exponentiation) that (a — b)? = a? —
b=a—0b,soa—bes;

e for a,b € S and b # 0 we have (ab™1)? = a%b™9 = ab ',s0o ab™! € S.

On the other hand, ¢ — x must split in .S since S contains all its roots,
i.e its splitting field F' is a subfield of S. Thus F' = S and, since S has ¢
elements, F' is a finite field with ¢ = p™ elements.

(Uniqueness) Let F' be a finite field with ¢ = p™ elements. Then F' has
characteristic p by Theorem 6.2, and so contains [F,, as a subfield. So, by
Lemma 6.4, F' is a splitting field of ¢ — x. The result now follows from the
uniqueness (up to isomorphism) of splitting fields, from Theorem 5.18. [ |

As a result of the uniqueness part of Theorem 6.5, we may speak of the
finite field (or the Galois field) of ¢ elements. We shall denote this field by
F,, where ¢ denotes a power of the prime characteristic p of F,.

Example 6.6. e In Example 5.14, we constructed a field L = F5(0) of
9 elements, where 6 is a root of the polynomial x? + x + 2 € F3[z]. By
Theorem 6.5, L is the field of 9 elements, i.e. Fy.

e In Example 5.15, we constructed a field L = Fy(0) of 4 elements, where
6 is a root of the polynomial 2% + x 4+ 1 € Fy[z]. By Theorem 6.5, L is
the field of 4 elements, i.e. Fy.

We can also completely describe the subfields of a finite field IF,.

Theorem 6.7 (Subfield Criterion) Let F, be the finite field with ¢ = p"
elements. Then every subfield of F, has order p™, where m is a positive
divisor of n. Conversely, if m is a positive divisor of n, then there is exactly
one subfield of F, with p™ elements.
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Proof. Clearly, a subfield K of F' must have order p for some positive
integer m < n. By Lemma 6.1, ¢ = p™ must be a power of p™, and so m
must divide n.

Conversely, if m is a positive divisor of n, then p™ — 1 divides p"™ — 1, and
so xP" 71 — 1 divides 2" ~! — 1 in F,[z]. So, every root of 2" — x is a root of
2?9 — x, and hence belongs to F,. It follows that F, must contain a splitting
field of 27" — x over F, as a subfield, and (from proof of Theorem 6.5) such
a splitting field has order p™. If there were two distinct subfields of order p™
in F,, they would together contain more than p™ roots of z*" — z in F,, a
contradiction. ]

So, the unique subfield of F,» of order p™, where m is a positive divisor
of n, consists precisely of the roots of 27" — z in Fn.

Example 6.8. Determine the subfields of the finite field F30. To do this,
list all positive divisors of 30. The containment relations between subfields
are equivalent to divisibility relations among the positive divisors of 30. (For
diagram, see lectures!)

We can also completely characterize the multiplicative group of a finite
field. For the finite field F,, we denote the multiplicative group of non-zero
elements of F, by ;.

Theorem 6.9. For cvery finite field ¥y, the multiplicative group ¥, of nonzero
elements of F, is cyclic.

Proof. =~ We may assume ¢ > 3. Set h = ¢ — 1, the order of F;, and let
h = pi'ps* ... pl™ be its prime factor decomposition. For each i, 1 < i < m,
the polynomial x/P — 1 has at most h/p; roots in F,. Since h/p; < h, it
follows that there are nonzero elements of F, which are not roots of this

polynomial. Let a; be such an element, and set b; = a?/ Pit Now, bf i = 1, so
the order of b; divides p;* and so has the form p]* for some 0 < s; < r;. On
the other hand,

a1,
so the order of b; is precisely p;'.

Let b = byby ... by, We claim: b has order h(= g — 1), i.e. is a generator
for the group. Suppose, on the contrary, that the order of b is a proper
divisor of h. It is therefore a divisor of at least one of the m integers h/p;,
1 <i < m; wlog, say of h/p;. Then

1= ph/e = pleph/en il



6. CHARACTERIZING FINITE FIELDS 33

Now, if 2 < i < m, then p;* divides h/p;, and so b?/pl = 1. This forces
bif/ P = 1. Thus the order of b; must divide h/p;, which is impossible since
the order of by is pj'. Thus F} is a cyclic group with generator b. |

Definition 6.10. A generator of the cyclic group F is called a primitive
element of .

By Theorem 1.13, F, contains ¢(q — 1) primitive elements, where ¢ is
Euler’s function: the number of integers less than and relatively prime to
q — 1. Recall that, if the integer n has the prime factorization p’fl p§2 . phr

then
1 1 1

o(m)=n(l = (1= ) (1= ).

Example 6.11. e [F5 has ¢(4) = 2 primitive elements, namely 2 and 3.

e [y has ¢(3) = 2 primitive elements. Expressing F4 as Fo(0) = {0,1, 6,0+
1}, where 6% + 6 + 1 = 0, we find that both § and 6 + 1 are primitive
elements.

We are now ready to prove an important result.

Theorem 6.12. Let F, be a finite field and F, a finite extension field. Then
o I, is a simple extension of F,, i.e F, =F,(5) for some 5 € F,;

e cvery primitive element of IF, can serve as a defining element 3 of I,
over .

Proof. Let o be a primitive element of F,. Clearly, F,(ov) € F,. On
the other hand, since F,(a) contains 0 and all powers of «, it contains all
elements of F,. So F, = F (a). [

So, we can express any finite field K with subfield F', by adjoining to
F a root (3 of an appropriate irreducible polynomial f(z), which of course
must have degree d = [K : F|. Although the proof of Theorem 6.12 uses a
[ which is a primitive element of K, it is not in fact necessary for 5 to be a
multiplicative generator of K*, as the next example shows.

Example 6.13. Consider the finite field Fg. We can express Fy in the form
F3(3), where (3 is a root of the polynomial z + 1, irreducible over Fs. How-
ever, since 3* = 1, 3 does not generate the whole of F§, i.e. 3 is not a
primitive element of Fy.
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Corollary 6.14. For every finite field F, and every positive integer n, there
exists an irreducible polynomial in F,[z]| of degree n.

Proof. Let F, be the extension field of F, of order ¢, so that [F, : F | = n.
By Theorem 6.12, F, = F,(«) for some a € F,. Then, by properties of
minimal polynomials, the minimal polynomial of a over [F, is an irreducible
polynomial in F,[z] of degree n. W

7. Irreducible polynomials

In this section, we investigate irreducible polynomial over finite fields.

Lemma 7.1. Let f € F,[z] be an irreducible polynomial over a finite field F,
and let o be a root of f in an extension field of F,. Then, for a polynomial

h € Fy[z], we have h(a) =0 if and only if f divides h.

Proof.  The minimal polynomial of « over F, is given by a™! f(z), where
a is the leading coefficient of f (since it is a monic irreducible polynomial
in F,[z] having a as a root). The proposition then follows from part (ii) of
Theorem 4.10. [

Lemma 7.2. Let f € F,lx] be an irreducible polynomial over F, of degree
m. Then f(x) divides x7 — x if and only if m divides n.

Proof. First, suppose f(z) divides 27" — 2. Let a be a root of f in
the splitting field of f over F,. Then a? = «, so a € Fy. Thus F,(«)
is a subfield of Fyn. Since [F,(a) : F,] = m and [Fpn : F,] = n, we have
n = [Fq : F,(a)]m, so m divides n.

Conversely, suppose m divides n. Then by Theorem 6.7, F;» contains Fym
as a subfield. Let a be a root of f in the splitting field of f over F,. Then
[F,(a) : F,] = m, and so F,(a) = Fym. Thus a € Fyn, hence a?" = a, and so
ais aroot of 27" —x € F,[x]. Therefore, by Lemma 7.1, f(z) divides 24" —x.
|

We are now ready to describe the set of roots of an irreducible polynomial.

Theorem 7.3. If f is an irreducible polynomial in Fy[z] of degree m, then
f has a root  in Fym. Moreover, all the roots of f are simple and are given
by the m distinct elements o, a4, a?, . ol of Fgm.
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Proof.  Let a be a root of f in the splitting field of f over F,. Then
[Fy(c) : F,] = m, hence F () =F¢m, and so a € Fym.

We now show that, if 3 € F,m is a root of f, then 37 is also a root of f.
Write f(z) = apa™ + -+ -+ a1 + ag (a; € Fy). Then

F(BY) = amBrm+ -+ ar1B+ ag
al pU + -+ alp? + al
(amB™ + -+ a1 + ap)?
= f(B)?=0,

using Lemma 6.3 and Freshmen’s Exponentiation.

Thus, the elements o, a?,...,a?" " are roots of f. We must check that
they are all distinct. Suppose not, i.e. a? = a?" for some 0 < J<k<m-—1.
Raising this to the power ¢™ % | we get

m—k+j m
o =af =aq.

It then follows from Lemma 7.1 that f(z) divides 24" "~ — z. By Lemma
7.2, this is possible only if m divides m — k + 7, a contradiction since 0 <
m—k+j<m. [ |

This result gives us two useful corollaries.

Corollary 7.4. Let f be an irreducible polynomial in F,[z| of degree m.
Then the splitting field of f over Fy is Fym.

Proof.  Theorem 7.3 shows that f splits in Fyn. To see that this is the
splitting field, note that F,(a, a4, ... ,oﬂmjl) =TF,(a) =Fym. |

Corollary 7.5. Any two irreducible polynomials in F,[x] of the same degree
have isomorphic splitting fields.

As we shall see later, sets of elements such as those in Theorem 7.3 appear
often in the theory of fields.

Theorem 7.6. For every finite field F, and every n € N, the product of
all monic irreducible polynomials over F, whose degrees divide n is equal to
7" — 1.
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Proof. By Lemma 7.2, the monic irreducible polynomials over F, which
occur in the canonical factorization of g(z) = 27" — x in F [z] are precisely
those whose degrees divide n. Since ¢'(x) = —1, by Theorem 3.15 ¢ has no
multiple roots in its splitting field over IF,. Thus each monic irreducible poly-
nomial over F, whose degree divides n occurs exactly once in the canonical
factorization of g in Fy[z]. W

Example 7.7. Take ¢ = n = 2; the monic irreducible polynomials over Fy[x]
whose degrees divide 2 are x, z + 1 and 22 + 2 + 1. It is easily seen that
rlx+ 1) (2 +r+1)=2"+z=2'—2z.

Corollary 7.8. If N,(d) is the number of monic irreducible polynomials in
F,[z] of degree d, then

qt = Zqu(d) for alln € N,

dn

where the sum is extended over all positive divisors d of n.

Proof. This follows immediately from Theorem 7.6, upon comparing the
degree of g(x) = 29" — z with the total degree of the canonical factorization
of g(x). W

This corollary allows us to obtain an explicit formula for the number of
monic irreducible polynomials in F,[x] of a given degree. To do so, we need
the following arithmetic function, which will also prove useful in the next
chapter.

Definition 7.9. The Moebius function p is the function on N defined by

1 if n=1,
p(n) = ¢ (=1)F if n is the product of k distinct primes

0 if n is divisible by the square of a prime.
Example 7.10. (i)u(5) = —1; (ii)u(35) =1; (iii)u(50) = 0.
Lemma 7.11. For n € N, the Moebius function satisfies

(1 =1
2 md) = {0 ifn>1.

din
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Proof. The n =1 case is immediate. For n > 1 we need only consider the
positive divisors d of n for which p(d) is non-zero, namely those d for which
d =1 or d is a product of distinct primes. If pq, ..., p, are the distinct prime
divisors of n then

k

dopld) = p)+) plp)+ D wlpapn) o+ ppipe - pr)

d|n i=1 1<iy <ig<k
k k k
Q)G (e
= (1+(=1))F=0
[
Theorem 7.12 (Moebius Inversion Formula) o Additive version: let

h and H be two functions from N into an additively written abelian
group G. Then

Z h(d) for alln € N (3.1)

din
if and only if
n
= dz:u(g) Z,u for all n € N. (3.2)

din

o Multiplicative version: let h and H be two functions from N into a
multiplicatively written abelian group G. Then

H h(d) for alln € N (3.3)

din
if and only if
=[[H@)" ) = HH @ for all n € N. (3.4)
din din

Proof. Additive version: we prove the forward implication; the converse
is similar and is left as an exercise. Assume the first identity holds. Using
Lemma 7.11, we get

S HHHW@) = D pdHE) = pld) Y k(o)

dln dln dln o

= D> udh(e) = he)) nld) =
d|z

cn d|2 c|n
c
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for all n € N.
Multiplicative version: immediate upon replacing sums by products and
multiples by powers. |

We can now apply this result as follows.

Theorem 7.13. The number N,(n) of monic irreducible polynomials in F,[x]
of degree n is given by

Ny(n) = %Zu(g)qd = %Zu(d)qg-
din dln

Proof. Apply the additive case of the Moebius Inversion Formula to the
group G = (Z,+). Take h(n) = nNy(n) and H(n) = ¢" for all n € N. By
Corollary 7.8, the identity (3.1) is satisfied, and so the result follows. |

Remark 7.14. Since it is clear from this formula that Ny(n) is greater than
zero for all n, this gives an alternative proof of Theorem 6.14.

Example 7.15. The number of monic irreducibles in F,[z] of degree 12 is
given by

1
Ny(12) = Z(p(1)g” + p2)e" + nB3)q" + p(A)q’ + p(6)¢* + p(12)q)
1
= E(l.q12 + (=g + (=1)g* +0.¢* + 1.¢* +0.9)
1
— E(qlz _q6 _q4 +q2>.

We can also obtain a formula for the product of all monic irreducible
polynomials in F,[z] of fixed degree.

Theorem 7.16. The product I(q,n;x) of all monic irreducible polynomials
in F,lx] of degree n is given by:

I(Qv n; 37) = H(qu — J;)/‘(%) — H(xq% _ I)“(d),
dn dln
Proof. From Theorem 7.6 we know that
' — = HI(q,d;:L').
din

Now apply Moebius Inversion in the multiplicative form to the multiplicative
group G of non-zero rational functions over F,. Take h(n) = I(¢,n;x) and
H(n) =27 — x to get the desired formula. [
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Example 7.17. Take ¢ = 2 and n = 4. Then the product of all monic
irreducible quartics in Fy[z] is:

12,4:2) = (219 — )" (2t — 2)"P (g2 — )@
-z 2P -1
oxt—x 231

= o2+ + 28 2241
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Chapter 4.
Finite fields: further properties

8. Roots of unity in finite fields

In this section, we will generalize the concept of roots of unity (well-known
for complex numbers) to the finite field setting, by considering the splitting
field of the polynomial x™ — 1. This has links with irreducible polynomi-
als, and provides an effective way of obtaining primitive elements and hence
representing finite fields.

Definition 8.1. Let n € N. The splitting field of 2™ — 1 over a field K is
called the nth cyclotomic field over K and denoted by K. The roots of
2" — 1 in K™ are called the nth roots of unity over K and the set of all
these roots is denoted by E™.

The following result, concerning the properties of £ holds for an arbi-
trary (not just a finite!) field K.

Theorem 8.2. Let n € N and K a field of characteristic p (where p may
take the value 0 in this theorem). Then

(i) If p Jn, then E™ is a cyclic group of order n with respect to multipli-
cation in K™,

(i1) If p|n, write n = mp® with positive integers m and e and p fm. Then
K® = K E0) = B0 and the roots of ™ — 1 are the m elements
of E™) | each occurring with multiplicity p®.

Proof.

(i) The n =1 case is trivial. For n > 2, observe that 2™ — 1 and its deriva-
tive na"~! have no common roots; thus " — 1 cannot have multiple
roots and hence E(™ has n elements. To see that £ is a multiplica-
tive group, take o, 3 € E™: we have (a3~')" = o™(f")"! = 1 and
so af~' € E™ . It remains to show that the group E™ is cyclic; this

41
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can be proved by an analogous argument to the proof of Theorem 6.9
(exercise: fill in details).

(i) Immediate from 2" — 1 = ™" — 1 = (z™ — 1)?" and part (i).

Definition 8.3. Let K be a field of characteristic p and n a positive integer
not divisible by p. Then a generator of the cyclic group E™ is called a
primitive nth root of unity over K.

By Theorem 1.13, E™ has ¢(n) generators, i.e. there are ¢(n) primitive
nth roots of unity over K. Given one such, ( say, the set of all primitive nth
roots of unity over K is given by

{¢°:1<s<n,ged(s,n) =1}
We now consider the polynomial whose roots are precisely this set.

Definition 8.4. Let K be a field of characteristic p, n a positive integer
not divisible by p and { a primitive nth root of unity over K. Then the
polynomial

Qn(x) = H (ZL‘ - CS)

(s,m)

is called the nth cyclotomic polynomial over K. It is clear that @, (x) has
degree ¢(n).

Theorem 8.5. Let K be a field of characteristic p and n a positive integer
not divisible by p. Then

(i) 2" — 1= [1y, Qu();

(i1) the coefficients of Q,(x) belong to the prime subfield of K (and in fact
to Z if the prime subfield is Q).

1

Proof. (i) Each nth root of unity over K is a primitive dth root of unity
over K for exactly one positive divisor d of n. Specifically, if { is a primitive
nth root of unity over K and (® is an arbitrary nth root of unity over K,
then d = n/gcd(s,n), i.e. d is the order of ¢* in . Since
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we obtain the result by collecting together those factors (x — ¢*) for which
(® is a primitive dth root of unity over K.

(ii) Proved by induction on n. It is clearly true for Qy(x) = x—1. Let n > 1
and suppose it is true for all Qq(z) where 1 < d < n. By (i),

B " —1
Hd|n,d<n Qd(ﬂf) ‘
By the induction hypothesis, the denominator is a polynomial with coeffi-

cients in the prime subfield of K (or Z if char K = 0). Applying long division
yields the result. ]

Qn(z)

Example 8.6. Let n = 3, let K be any field with charK # 3, and let { be
a primitive cube root of unity over K. Then

Q)= -O-FB=2*-C+Pz+C =2+ +1.

Example 8.7. Let r be a prime and let £ € N. Then

1

Quela) = 1+ 2™ 422 4o g g

since
k k

B =1 oat =1
Qu()Qr(x) - Quia(w) 2™ 11
by Theorem 8.5 (i). When k = 1, we have Q,.(z) =1+ x+ 2% +--- + 2" L,

Qi (x)

In fact, using the Moebius Inversion Formula, we can establish an explicit
formula for the nth cyclotomic polynomial @),,, for every n € N.

Theorem 8.8. For a field K of characteristic p and n € N not divisible by
p, the nth cyclotomic polynomial Q,, over K satisfies

Qu(z) = [J(2? — 1)@ = [ (2% — 1),

din dn

Proof.  Apply the multiplicative form of the Mobius Inversion Formula
(Theorem 7.12) to the multiplicative group G of non-zero rational functions
over K. Take h(n) = Q,(z) and H(n) = 2™ — 1 for all n € N. By Theorem
8.5, the identity (3.3) is satisfied, and so applying Moebius Inversion yields
the desired formula. |
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Example 8.9. Let n = 12, and let K be any field over which ()5 is defined.
Then

Qu(z) = [J@® -1
d|12
— (:7012 _ 1>u(1)(x6 _ 1)“(2)(x4 _ 1)“(3)(953 _ 1)“(4)(952 _ 1)u(6)(w _ 1)u(12)
(2 = D)(a* — 1)

4 2
@ D=1 0T

Before the next theorem, we make a definition.

Definition 8.10. Let n be a positive integer and b an integer relatively
prime to n. Then the least positive integer k such that n|b¥ —1 (equivalently,
V¥ = 1modn) is called the multiplicative order of b modulo n, and denoted
ord, (b).

Example 8.11. (i) ordg(5) =2; (ii) ords;(2) = 5; (iii) ordg(4) = 3.

Theorem 8.12. The cyclotomic field K™ is a simple algebraic extension of
K. Moreover, if K =F, with ged(¢,n) =1, and d = ord,,(q), then

e (), factors into ¢(n)/d distinct polynomials in K[z] of the same degree
d;

o K™ s the splitting field of any such irreducible factor over K ;
o [KM:K]=d.

Proof. If there exists a primitive nth root of unity ¢ over K, then K™ =
K(¢). Otherwise, we have the situation of Theorem 8.2 (ii); here K™ = K™
and the result again holds.

Now let n be a primitive nth root of unity over [F,. Then

nEIFqk(:)nqk:n@qkzlmodn.

The smallest positive integer for which this holds is & = d, so 7 is in F 4 but
not in any proper subfield. Thus the minimal polynomial of 1 over F, has
degree d; since 1 was an arbitrary root of Q),,(z), the result follows. |

Example 8.13. Take ¢ = 11 and n = 12.

e From Example 8.9, we have K = Fy; and Qo(z) = 2* — 22 +1 € Fyy[].
We are interested in K12,
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e Since 12411 —1 but 12]11% — 1, the multiplicative order d of 11 modulo
12 is 2.

e S0, Q2(x) factors into ¢(12)/2 = 4/2 = 2 monic quadratics, both
irreducible over Fy;[z], and the cyclotomic field K12 = Fy,;.

e We can check that the factorization is in fact Qq2(z) = (2% + bx +
1)(z* — 5z + 1).

The following result, which ties together cyclotomic and finite fields, is
very useful.

Theorem 8.14. The finite field F, is the (¢ — 1)st cyclotomic field over any
one of its subfields.

Proof.  Since the ¢ — 1 non-zero elements of F, are all the roots of the
polynomial 29~ — 1, this polynomial splits in [F,. Clearly, it cannot split in
any proper subfield of F,, so that F, is the splitting field of 277! — 1 over any
one of its subfields. [ |

9. Using cyclotomic polynomials

Cyclotomic fields give us another way of expressing the elements of a finite
field F,. Since F, is the (¢ — 1)st cyclotomic field over F,, we can construct
it as follows:

e Find the decomposition of the (¢ — 1)st cyclotomic polynomial Q,—1 €
[F,[z] into irreducible factors in F,[z], which are all of the same degree.

e A root « of any of these factors is a primitive (¢ — 1)st root of unity
over [F,,, and hence a primitive element of [F,.

e For such an o we have F, = {0, a,0?,..., 092 a4t = 1}
Example 9.1. Consider the field Fy.
o Fg = IFéS), the eighth cyclotomic field over Fj.

e As in Example 8.7,

8

Qs(x) = — — 1 =2t + 1 € Faz].

Its decomposition into irreducible factors in Fs[z] is

Qs(z) = (2% + x + 2)(2* + 22 + 2);
we have ¢(8)/ordg(3) = 4/2 = 2 factors of degree 2.
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e Let ¢ be aroot of 22 + 2 +2; then ( is a primitive eighth root of unity
over Fs. Hence Fg = {0,¢,¢?%,..., (", ¢® =1}

We can now ask: how does this new representation for Fy correspond to
our earlier viewpoint, where [Fg was considered as a simple algebraic extension
of F3 of degree 2, obtained by adjoining a root of an irreducible quadratic?

Example 9.2. Consider the polynomial f(z) = #2+1 € F3[z]|. This quadratic
is irreducible over F3. So we can build Fy by adjoining a root « of f(z) to
F3. Then f(a) = a?+1 =0 in Fy, and the nine elements of Fy are given by
{0,1,2, 0,0 + 1, « + 2, 20, 20 + 1, 2c0 + 2}.

Now, note that the polynomial z? + x + 2 € F3[z], from Example 9.1,
has ( = 14 « as a root. So, the elements in the two representations of Fy
correspond as in the following table

¢
14+«
200
1+ 2«
2

24+ 2«
o'
2+«
1

OO\]CTACﬂ»bOOM»—t‘N-




Chapter 5.
Automorphisms and bases

In this chapter, we will once again adopt the viewpoint that a finite extension
F = TFym of a finite field K = F, is a vector space of dimension m over K.

In Theorem 7.3 we saw that the set of roots of an irreducible polynomial
f € F,[z] of degree m is the set of m distinct elements «, a4, I
of Fym.

Definition 9.3. Let F,» be an extension of F, and let & € Fym. The ele-
ments a, o, ... ,oﬂm*l are called the conjugates of a with respect to .

Remark 9.4. o The conjugates of o € Fym with respect to Fy are distinct
if and only if the minimal polynomial g of o over F, has degree m.

o Otherwise, the degree d of the minimal polynomial g of o over F, is a
proper divisor of m, and in this case the conjugates of o with respect to

F, are the distinct elements o, a9, ..., a% ~, each repeated m/d times.

Theorem 9.5. The conjugates of a € Iy with respect to any subfield of F,
have the same order in the group ;.

Proof.  Apply Theorem 1.13 to the cyclic group F;, using the fact that
every power of the characteristic of IF, is coprime to the order ¢ — 1 of Fy.
Write @ = a” where a is some primitive element of F,; then by Theorem 1.13
.. -1 i i -1 -1
(ii), o has order m. Then o = a*?" has order gcd(,zq¢7q_1) = gcd?k,q—l)’
i.e. the order of a.

This immediately implies the following observation.

Corollary 9.6. If o is a primitive element of F,, then so are all its conju-
gates with respect to F,.

Example 9.7. Expressing Fy as Fo(0) = {0,1,0,0+1}, where *+60+1 =0,
we saw in Example 6.11 that 0 is a primitive element of ;. The conjugates
of § € F, with respect to Fy are # and 6%; from Example 6.11, 6> = 0 + 1 is
also a primitive element.

47
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Example 9.8. Let o € Fi5 be a root of f(z) = 2 + 2 + 1 € Fy[z]. Then
the conjugates of a with respect to Fy are a, a?,a* = a+1,a% = o? 41, and
all of these are primitive elements of F14. The conjugates of o with respect
to F, are a and a* = a + 1.

We next explore the relationship between conjugate elements and certain
automorphisms of a finite field.

Definition 9.9. Let F,m be an extension of F,. An automorphism of Fym
over IF, is an automorphism o of F,» which fixes the elements of F, pointwise.
Thus, o is a one-to-one mapping from [F m onto itself with

o(a+p) =ola)+a(F)

and
o(af) = a(a)o(s)

for all a, 3 € Fym and

o(a) =afor all a € F,.

This definition may look familiar to anyone who has studied Galois theory!

Theorem 9.10. The distinct automorphisms of Fym over F, are precisely
the mappings og, 01, ...,0m_1 defined by

o;(a) = a¥

fora€Fem and 0 < j <m —1.

Proof.  We first establish that the mappings o; are automorphisms of Fym
over F,.

e For each o; and all a, 8 € Fym, we have o;(af) = oj(a)o;() and
oj(a+ ) =0,(a)+0;(8) by Freshmen’s Exponentiation, so clearly o
is an endomorphism of F m.

e Since g;(a) =0« a =0, 0; is injective. Since F,m is a finite set, o is
also surjective, and hence is an automorphism of Fym.

e We have oj(a) = a for all a € F, by Lemma 6.3, and so each o; is an
automorphism of F,m over F,.

e The mappings oy, ...,0,,_1 are distinct as they return distinct values
for a primitive element of Fym.
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Now, suppose o is an arbitrary automorphism of F,m over F ; we show
that it is in fact o; for some 0 < j <m — 1.

Let 3 be a primitive element of Fym and let f(z) = 2™ + ay,12™ ' +
-+ 4 ap € F,[z] be its minimal polynomial over F,. Then

0 = O'(ﬁm + Gmflﬁmil +-+ CL())
= 0(B)" + am-10(B)" " + -+ + aq,

so that o(3) is a root of f in Fym. By Theorem 7.3, we must have o(3) = 37
for some j, 0 < j < m — 1. Since o is a homomorphism and 3 primitive, we
get that o(a) =a? foralla € Fpn. A

Hence the conjugates of a € Fym are obtained by applying all automor-
phisms of Fym over [, to the element a.

Remark 9.11. The automorphisms of Fym over F, form a group under com-
position of mappings, called the Galois group of Fym over F, and denoted
Gal(Fym /F,). From Theorem 9.10, this group of automorphisms is a cyclic
group of order m, generated by o;.

10. Traces and Norms

We introduce a mapping from F to K which turns out to be linear.

Definition 10.1. For o € F = Fym, and K = F,, the trace Trp () of a
over K is defined by

Trp/k(a) = sum of conjugates of a w.r.t. K

= at+al+al +-- 4 al

m—1

If K is the prime subfield of F, i.e. K = [, where p is the characteristic
of F', then Trp k() is called the absolute trace of o and denoted simply by
Tr(a).

A useful alternative way to think of the trace is as follows.
Definition 10.2. Let f(x) € K[z] be the minimal polynomial of o over K;

its degree d is a divisor of m = [F : K]. Then g(z) = f(z)™/? € Klx] is
called the characteristic polynomial of o over K.
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By Theorem 7.3, the roots of f in F' are a, a4, . .. ,oﬂd*l; from Remark 9.4,
the roots of g in F' are precisely the conjugates of o with respect to K. So

g(x) = 2™+ amr™ -+ ag

= z—a)(z—a?).. (z—a®).
Comparing coefficients we see that
Trp/k () = —m-1.
In particular, Trg/ k(o) must be an element of K.

Theorem 10.3. Let K = F, and let F' = Fyn. Then the trace function
Trp i satisfies the following properties.

(i) Trp/(o+ B) = Trp/x (o) + Trp i (B) for all o, f € F;
(ii) Trp/k(ca) = cTrp/k(a) forallc € K, o € F;

(iii) Trp/k is a linear transformation from F onto K (both viewed as K
vector spaces);

(iv) Trp/k(a) = ma for all a € K;
(v) Trp/k(a?) = Trp/k(a) for all o € F.

Proof. (i) For a, § € F, Freshmen’s Exponentiation yields

qul

Trrx(a+6) = a+B8+(a+B)"+--+ (a+ )
= a+B+at+ 3+ a3
= TI'F/K<OZ)—|—TI‘F/K(6>

m—1

(ii) By Lemma 6.3, for ¢ € K we have ¢/ = ¢ for all i > 0. Then for
a € F,

TI"F/K(COé) = ca+cla?+ .-+ Cqm‘loﬂm—1

= catcal4---4ca
= Trp/k(a).
iii) For all &« € F' we have Trg, () € K; this follows from the discussion
/
above, or immediately from
(Trejx(a)? = (a+af+ - +al" )
= o'+ +a" +a

= TI'F/K(Q/)
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Combining this with (i) and (ii) shows that Trp/k is a linear transforma-
tion from F' into K. To show that it is surjective, it suffices to demonstrate
that there exists some a € F' with Trp g (o) # 0. We have Trp (o) = 0 & «

is a root of 9" 4+ ... 4 29+ x € K[z] in F; since this polynomial has at
most ¢! roots in F whereas F has ¢™ elements, the result follows.

(iv) By Lemma 7.3, ad =aforalla € K andi > 0, and the result follows.

(v) For @ € F we have a?" = «, and so
Trpyx(a?) = o’ + o 4ol = Trp/k(a).
[

In fact, the trace function provides a description for all linear transfor-
mations from F' into K, in the following sense.

Theorem 10.4. Let F' be a finite extension of the finite field K (both viewed
as vector spaces over K ). Then the linear transformations from F into K
are precisely the mappings Lg (B € F) given by Lg(o) = Trp/k(Ba) for all
a € F. Moreover, if a, 3 are distinct elements of F' then L, # Lg.

Proof. Omitted. [ |

For a chain of extensions, we have the following rule.

Theorem 10.5 (Transitivity of trace) Let K be a finite field, let F be a
finite extension of K and E a finite extension of F'. Then

Trg/k(a) = Trp/k (Tre/r(a))
foralla € E.

Proof. Let K = F,, let [/ : K] = m and let [E : F| = n, so that
[E : K] = mn by Theorem 5.6. For a € F,

[y

3

Trp/k(Trgyr(e) = TrF/K<04)qi

g

3
L

n—

( aqjm)qi

1

<
Il
)

3
L
3
|
—

jm-+t
Oéq

-
Il

o

=
Il

o

= o :TI'E/K(Oé)
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The multiplicative analogue of the trace function is called the norm.

Definition 10.6. For o € F' = Fym and K = Fy, the norm Np/x(a) of «
over K is defined by

Np/k(o) = product of conjugates of a w.r.t. K

m—1

— a-a---af
— la"=D/(e=1)

Comparing this definition with the characteristic polynomial g of o over
K, as before, we see that

NF/K(CY) = (—1)m6L0.
In particular, Np/ k(o) is always an element of K.

Theorem 10.7. Let K = F,, and F' its degree m extension. The norm
Junction Npi satisfies the following properties:

(i) Np/k(af) = Npjk(a)Np/k(6) for all o, B € F';
(ii) Np/x maps F onto K and F** onto K*;
(iii) Np/k(a) =a™ for all a € K;
(iv) Np/g(a?) = Npjg(a) for all o € F.

Proof. (i) Immediate from definition of norm.
(ii) From above, Np/x maps F into K since Np/k(a) = 0 < o = 0, we have
that Np/x maps F™ into K*.

We must now show that Np/x is surjective. By (i), Np/x is a homomor-
phism between the multiplicative groups F* and K*. The elements of the

kernel are the roots of ‘1 —1 € K [z] in F'; denoting the order of the kernel
by d, we have d < q;n:ll. By the First Isomorphism Theorem, the image has
order (¢™ — 1)/d, which is at least ¢ — 1. So Np/x maps F* onto K* and
hence F' onto K.

(iii) Result is immediate upon noting that, for a € K, all conjugates of a are
equal to a.

(iv) By (i), Np/x(a?) = Np/g(a)?; by (i), Np/x (o) € K and so Np/g () =
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Theorem 10.8 (Transitivity of Norm) Let K be a finite field, let F' be a
finite extension of K and let E be a finite extension of F'. Then

Ngx(a) = Npjx(Npr(a))
forall « € E.

Proof. Let [F: K]=m and [E: F| =n. Then for o € E,

mn _q

NF/K(NE/F(Oé)> = NF/K(@W)

gmM"—1_ ¢gM—1
= (a qm—1 ) q—1

mn _q

q

= o 91! :NE/K(Oé)
[ |

10.1. Bases and the Normal Basis Theorem

We first consider two important, and very natural, kinds of bases.

Recall that F,m = F (o) = Fy[z]/(f(z)), where f is an irreducible poly-
nomial of degree m and « is a root of f in Fym. So, every element of Fym
can be uniquely expressed as a polynomial in « over F, of degree less than
m and hence, for any defining element «, the set {1,c,...,a™ '} is a basis
for Fym over F,.

Definition 10.9. Let K = F, and F' = F;m. A polynomial basis of F' over
K is a basis of the form {1,a,a?,...,a™ '} where a is a defining element
of F over K.

We can always insist that the element « is a primitive element of F', since by
Theorem 6.12, every primitive element of F' can serve as a defining element
of F over K.

Example 10.10. Let K =[5 and F' = [Fy. Let # be a root of the irreducible
polynomial z? + 1 € K[z]; then {1,6} is a polynomial basis for F' over K.
However, 6 is not primitive since #* = 1. Now let a be a root of 22 + x + 2;
then {1, a} is another polynomial basis for F' over K, and « is a primitive
element of F'.

Definition 10.11. Let K = F, and F' = Fym. A normal basis of F' over
K is a basis of the form {«,a?,... 7ozqm*l}, consisting of a suitable element
a € F and all its conjugates with respect to K. Such an « is called a free or
normal element.
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Example 10.12. Let K = F, and F = Fg. Let a € F be a root of the
irreducible polynomial 23 + 22 + 1 in K[z]. Then B = {a,a?, 1 + a +a?} is
a basis of ' over K. Since a* = 1+ o + o2, this is in fact a normal basis for
F over K.

We now ask: does a normal basis exist for every F' and K7
We require two lemmas before proving the main result.

Lemma 10.13 (Artin Lemma) Let x1,. .., Xm be distinct homomorphisms
from a group G into the multiplicative group F* of an arbitrary field F', and
let ay,...,a, € F, not all zero. Then for some g € G we have

a1x1(g) + .. + amxm(g) # 0.

Proof. The proof is by induction on m. The case m = 1 is trivial.
Now, assume m > 1 and that the statement is true for any m — 1 distinct
homomorphisms.

Take distinct homomorphisms xi,...,Xxm and a,...,a,, € F, not all

zero. If a; = 0, the result immediately follows from the induction hypothesis.
So we now assume a; # 0. Suppose

a1x1(g) + - + amXxm(g) = 0 for all g € G. (5.5)

Since x1 # Xm, we must have x1(h) # xm(h) for some h € G. Now replace
g by hg in (5.5), to get

arx1(h)x1(g) + - + amxm(h)xm(g) =0 for all g € G.
Multiplication by x,,(h)™! yields
bixi(g) + -+ b1 Xm-1(9) + amXm(g) = 0 for all g € G,

where b; = a;xi(h)xm(h)™ for 1 <i < m—1. Finally, subtract this equation
from (5.5) to obtain

cixi(g) + -+ emo1Xm-1(g) = 0 for all g € G,

where ¢; = a; — b; for 1 <i <m —1. But ¢; = a3 — ayx1(h)xm(h)™! # 0,
and so we have a contradiction to the induction hypothesis. [ |

Next, we recall a few concepts from linear algebra.
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Definition 10.14. e If T is a linear operator on a finite dimensional
vector space V over an arbitrary field K, then a polynomial f(x) =
™ + -+ + ayx + ag € Klz| is said to annihilate T if a,T" + --- +
a1 T + apl = 0, where I and 0 are the identity and zero operator on V,
respectively.

e The uniquely determined monic polynomial of least degree with this
property is called the minimal polynomial for T'. It divides any other
polynomial in K[z] which annihilates 7.

e The characteristic polynomial g(x) for T is given by g(x) = det(zI—T).
It is a monic polynomial of degree n = dim(V); by the Cayley-Hamilton
theorem it annihilates 7' (and hence is divisible by the minimal poly-
nomial). In fact, the roots of the two polynomials are the same up to
multiplicity.

e A vector o € V is called a cyclic vector for T if the vectors T"*a,
k=0,1,... span V.

We are now ready for the second lemma.

Lemma 10.15. Let T be a linear operator on the finite-dimensional vector
space V. Then T has a cyclic vector if and only if the characteristic and
mainimal polynomials for T are identical.

Proof. Omitted. [ ]

Theorem 10.16 (Normal Basis Theorem) For any finite field K and
any finite extension F' of K, there exists a normal basis of F' over K.

Proof. Let K =F, and F' = F » with m > 2.

e From Theorem 9.10, the distinct automorphisms of F' over K are given
by €,0,02%,...,0™ 1 where € is the identity map on F, o(a) = a? for

a € F and ¢' means composing o with itself 4 times.

e Since o(a+ ) = o(a) + o(f) and o(ca) = co(a) for o, € F and
¢ € K, we can think of o as a linear operator on the vector space F
over K.

e Since 0™ = ¢, the polynomial 2 — 1 € K|[z| annihilates 0. Consider
€,0,0%,...,0™ 1 as endomorphisms of F*, and apply the Artin Lemma;
this tells us that no nonzero polynomial in K[z]| of degree less than m
annihilates . Thus, ™ — 1 is the minimal polynomial for the linear

operator o.
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e Since the characteristic polynomial for ¢ is a monic polynomial of de-
gree m divisible by the minimal polynomial for o, we must have that
2™ — 1 is the characteristic polynomial also.

e By Lemma 10.15, there must exist a cyclic vector for V; i.e. there
exists some o € F' such that o, 0(a),0?(), ... span F.

e Dropping repeated elements, this says that o, o(a),...,0™ ' (a) span
F, and hence form a basis of F' over K. Since this basis consists of an
element and its conjugates with respect to K, it is a normal basis, as
required!

In fact, it turns out that this result can be strengthened, in the following
way.

Theorem 10.17 (Primitive Normal Basis Theorem) For any finite ex-
tension F of a finite field K, there exists a normal basis of F' over K that
consists of primitive elements of F.

Proof. Beyond the scope of this course! [

Example 10.18. Let K = F; and F' = Fg = K(«), where a® + a? +1 = 0.
We saw in Example 10.12 that the basis B = {a,a?, 1 +a+a? = a'} is a
normal basis for F' over K. In fact, « is a primitive element of F' (F* is the
cyclic group of order 7 and hence any non-identity element is a generator).
So this is a primitive normal basis for F' over K.



