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Chapter 1.
Definitions and examples

1. Definitions, basic properties and isomorphisms

Algebra is a part of mathematics which studies abstract sets with certain
operations defined on them. Group theory is one of the key subjects in
algebra.

Definition 1.1. A group is a set G, together with a binary operation *, such
that the following axioms hold:

Closure: G is closed under the operation x: x,y € G = z *xy € G,
Associativity: (z*xy)*xz=zx* (yx*z) for all z,y,z € G;

Identity: there exists an element e € G (called the identity of G) such that
rxe=exx=x for all x € G,

Inverses: for every element z € G there exists an element = € G (called
the inverse of z) such that rxx7' =27 sz =e.

Remark 1.2. [t is usual, when working with groups, to replace x by -, or

even omit the dot altogether and simply juxtapose the elements being com-

bined, i.e. x *y is written x -y or simply xy. We call this method of com-

bination “multiplication”, and x xy (or xy) the “product” of x and y. The

wdentity element e may also be written as 1g or just 1.

Associativity allows us to write abc for either of (ab)c or a(bc). More
generally, if zy,...x, are group elements then xxs...x, is unambiguous
(the same however we bracket it). This in turn enables one to use the power
notation:

aa . ..aq ifn>0
n
a = atal...a7l ifn<0
————
—-n
e ifn=0.



Theorem 1.3. The following statements are true for any group G.
(i) a™a™ = a™*™ for all a € G and all m,n € Z.
(ii) (a™)" =a™ for all a € G and all m,n € Z.
(i1i) The identity element e is unique.
(iv) The inverse of any element is unique.
(v) (a)t=a forallacd.
(vi) (ab)™' =b"ta™! for alla,be G. A

Definition 1.4. The order of a group G (denoted by |G|) is the number of
elements of G.

Definition 1.5. A group G is said to be abelian if the binary operation * is
commutative, i.e. if rxy =y*xx for all z,y € G.

Remark 1.6. By convention, the operation * is often replaced by + for
abelian groups, i.e. x*y is written x+y (and the commutative law is written
in the formx +y=y+x for all x,y € G).

The basic, general (and impossible) task of group theory is to classify
all groups. The first trivial but important step is to realize that not all the
groups that seem to be different are in fact different. For example consider
the multiplicative group {1, —1} and the group {0, 1} under addition modulo
2. The multiplication tables for these two groups are

1 -1 [0 1
1/ 1 -1 001
—1/-1 1 1|10

(where the product xy lies at the intersection of the row x and column

y)-
We see that these two tables differ only by the names of the elements.

Let us make this more formal.

Definition 1.7. Two groups (G,*) and (H,o) are said to be isomorphic
(G = H) if there is a bijection f : G —— H, which agrees with their
structures, in the sense that

(xxy)f = (xf)o(yf),

for all z,y € G. Any such mapping is called an isomorphism.



Where no confusion is likely to arise, we generally use the more compact
notation

(zy)f = (2 f)(yf).

This definition means that isomorphic groups ‘look the same’: one can be
obtained from the other by simply renaming the elements. It is clear that =
is an equivalence relation, in the sense that for any groups G, H, K we have:
GG GE2EH=H=2G G=ZH NHZ=K = G<= K. Thus the class of
all groups is split into isomorphism classes. From the point of view of group
theory, groups belonging to the same class are considered to be identical.
The general task of group theory can now be rephrased as describing all the
groups up to isomorphism.

2. Examples of groups

In this section we give some examples of groups; further examples will be
given in the following sections.

Groups of numbers

The sets Z of integers, Q of rationals, R of reals, and C of complex numbers
all form abelian groups under addition. Also the set Z, = {0,1,...,n — 1}
under addition modulo n forms a group. N does not form a group under
addition (no identity 0 and no inverses).

None of the above sets is a group with respect to multiplication. However,
if 0 is removed from the sets Q, R, C, multiplicative groups are obtained.
Z\{0} is not a group under multiplication, as no element apart from 1 and
—1 has an inverse. The set Z,\{0} is a group under the multiplication if and
only if n is a prime.

Symmetric groups S,

Let X be an arbitrary set. A permutation on X is a bijection from X onto X.
The set of all permutations of X is denoted by Sx. Given two permutations
o,T € Sx, their product is defined to be their composition as mappings. Since
we write mappings on the right, this means that to calculate the product o7,
one first applies ¢ and then 7; symbolically: i(o7) = (io)7, where ¢ € X. It
is well known that the composition of two bijections is again a bijection, that
composition of mappings is associative, that the identity mapping (sending
each i into itself) acts as an identity element, and that each bijection has an
inverse which is also a bijection. Hence Sy is a group; it is usually called the



symmetric group on X. If X is finite with n-elements, then we can simply
assume that X = {1,...,n}. In this case we write Sx as S,; this is a finite
group of order n!.

One may write permutations as mappings, specifying images of all ele-
ments of X. Thus, for example

(1234 (1234
= \3124)M77141 2 3

are two permutations from Sy. According to our definition, their product is

(1 2 3 4
T=\2 41 3)
The inverse of a permutation is obtained by interchanging the top and bottom
rows (and reordering). For example

L (31 24\ (1234
9 “\1234) " \2314])

(1 2 3 4
o= ( 431 2 )
we see that S4 is not abelian. One can construct similar examples to show
that .S, is not abelian for n > 3. It is also easy to check that S; and S, are
abelian.

Another way to denote permutations is as products of disjoint cycles. A
cycle (i1 ig ... i,) is the permutation sending i, into i, i5 into i3, etc., sending
1,_1 into 7,, sending 4, into i1, and leaving all the other elements fixed. The
number r is referred to as the length of the cycle, and is at the same time
its order. Two cycles are disjoint if no element is moved by both of them;
disjoint cycles commute. It is well known that every permutation from 5,
can be written as a product of disjoint cycles, and that this decomposition
is unique up to the order of factors. For example, the permutation

/12345678
T \365 27418

If we calculate

can be written as

o=(1357)(264).

A cycle of length 2 is called a transposition. Note that every cycle can be
written as a product of transpositions:

(iy ig - i) = (ig—y i) . .. (iz i3) (1 i2).

Therefore every permutation can be written as a product of transpositions.
However, this decomposition is not unique.



General linear groups

Let F be a field (typically Q or R or C or Z,, where p is a prime), let
n > 2, and let us consider the set of all n X n matrices with entries from
F. It is well known that the multiplication of matrices is associative, and
that the identity matrix / (with ones on the diagonal and zeros elsewhere)
is the identity element for the multiplication. However, not every matrix
has an inverse, and so the set of all matrices is not a group. However, if
we restrict our attention to those matrices which do have inverses (which
are exactly those which have non-zero determinants), we obtain a group.
This group is called the general linear group (of dimension n over ) and
is denoted by GL(n,F). It is known that the multiplication of matrices is
non-commutative, so that we have further examples of non-abelian groups.

Quaternion group Qs

This group consists of elements 1, —1, ¢, —¢, 7, —j, k, —k. Here the first four
of them are the usual complex numbers (i being the imaginary unit). j and
k are two further imaginary units. They multiply according to the rules:

P==k=—1ij=—ji=k, jk=—kj=1, ki=—ik=j.
The full multiplication table is

1 -1 i —i j§ —j k —k
1 1 -1 @ =i j —j k —k

—i| - i 1 -1 -k k j —j.
il j - =k k -1 1 i —i
—il=i j ok -k 1 -1 —i i
k|l k -k j —j —i i -1 1
—k|-k k —j § i —i 1 -1

Klein four group Kj4
It is given by the following multiplication table:

O Q9 O
O Q9 oo
S0 0 Q|
Q@ o o o
o2 olo



Example 2.1. “Real life” examples of the Klein four group

(i) Let G consist of the following symmetries of the rectangle:

o o4 Qo

= identity mapping from the plane to itself
= reflection in x-axis

= reflection in y-axis

= half-turn (i.e. rotation through 180°)

We may check that > = b?> = c? =e; ab=ba = ¢, bc = cb = a and ca =
ac = b, and so G is closed under multiplication. Other properties of
isometries of the plane show that G is a group. Specifically, comparison
with the multiplication table above shows that G is a Klein four group.

(ii) Let G consist of the following permutations of Sy:

e = identity permutation of {1,2,3,4}

(12
“@=\43
1 2
b—(21
9
4

. - 1
a 3

3

— W e W N

1) =aaes
3 ) =261

) ) =3e)

We may check that this is a Klein four group. Moreover, if we think of
the numbers 1-4 as corresponding to the corners of the rectangle in part
(i), we may easily see the correspondence between the two examples.



