19. p-groups
Definition 19.1. A group of order p", where p is a prime, is called a p-group.

Clearly Z, is the only p-group of order p. In this section we shall classify
all p-groups of order p?, and we will also show that every p-group is nilpotent.
To do this we need the following two lemmas.

Lemma 19.2. If G is a group of order p", where p is a prime, then G has
a non-trivial centre.

Proof. Consider the Class Equation for G:
Gl =12(G) + ) G N(xy)].
i=1

All the summands [G : N(z;)] are divisible by p, and since |G| is divisible by
p we conclude that |Z(G)| must be divisible by p as well. Therefore, Z(G)
must be non-trivial. |

Lemma 19.3. Let G be a group. If G/Z(G) is a cyclic group, then G is
abelian and G = Z(QG).

Proof. Write Z for Z(G), and let aZ be a generator for G/Z. Then the
cosets of Z are a'Z (i € Z). Let z,y € G; then we must have 2Z = a'Z and
yZ = a’ Z for some i, j € 7.

Since € vZ and y € yZ, we have ¥ = a'z, y = a’z,, where 21,2, € Z.
Then we have

Ty =a'z210’ 2 = 0"V 212 = a’ a2 = yx,
and hence G is abelian. |

Theorem 19.4. Fvery group of order p?> where p is a prime is either iso-
morphic to Zyz or to Ly, ® Ly.

Proof. Let G be a group of order p?. By Lemma 19.2, Z(G) is non-trivial,
and hence it has order p or p?. If | Z(G)| = p then G/Z(G) would have order
p, and would be cyclic by Theorem 6.10. But then, by Lemma 19.3, we would
have that G is abelian and G = Z(G), which is a contradiction. Therefore,
we conclude that Z(G) has order p?, and is equal to G. We conclude that
G is abelian. The theorem now follows from the Fundamental Theorem for
Finite Abelian Groups. [



Remark 19.5. It is not true that every p-group is abelian. Indeed, Js and
D, are non-abelian 2-groups. More generally, let p be a prime, and on the
set Z,, X Z,, x Z, define a multiplication by

(a,b,¢)(d,e, f) = (a+d,b+e,c+ f—0bd).
The resulting structure is a non-abelian group of order p?.
Theorem 19.6. Fvery p-group G is nilpotent.

Proof. (Omitted in lectures)

Define Zy = {e} and Z; = Z(G). Note that Z; # {e} by Lemma 19.2. The
quotient G/Z; is again p-group, and hence has a non-trivial centre. By The
Correspondence Theorem we can write Z(G/Z1) = Z2/Z,. By continuing
this process we obtain a series {e} = Zy < 7, < Z, < ... < Z,, = G
such that Z;11/7; = Z(G/Z;). This last condition means that for every
x € Z;y1 and every y € G the cosets vZ; and yZ; commute. Therefore we
have [z,y] € Z;, and hence

Ziv1,G] < Z;. (4.5)
We now prove that for every ¢ = 1,..., m we have
Yi(G) < Z (4.6)

by induction on i. For i = 0 we have v(G) = G = Z,,,. If (4.6) is correct for
some ¢ then for ¢ + 1 we have

Yir1(G) = [7i(G), G] < [Zyi, G] < Zpi 1,

where (4.5) has been used in the last step.
If we put @ = m in (4.6), we obtain v,,(G) < Zy = {e}. Therefore G is
nilpotent, as required. |

20. Sylow Theorems

Lagrange’s theorem asserts that the order of a subgroup divides the order
of the group. One may ask the converse question: given a finite group GG
and a number m dividing |G|, does G contain a subgroup of order m? The
following example shows that the answer is negative in general:

Example 20.1. The alternating group As has order 60. Assume that it has
a subgroup H of order 30. Since [A; : H] = 2 it follows that H is normal in
As, which contradicts the fact that As is simple (Theorem 13.3).



The first Sylow theorem gives a special case where the answer to the
above question is positive.

Theorem 20.2 (The first Sylow theorem) Let G be a finite group, and
let |G| = p"m, where p is a prime and ged(p,m) = 1. Then for each i,
1 <i<n, G contains a subgroup of order p'.

Proof. = We prove the theorem by induction on the order of G. If |G| =1
there is nothing to prove, so let us assume that |G| > 1.

Let, as in Theorem 18.6, C'y,. .., C, be the conjugacy classes of G' contain-
ing more than one element, and let z; € C;, 1 < j <, be representatives of
these classes. By Theorem 18.4 we have

1< |Gy =G : N(z;)],

and therefore N(z;) is a proper subgroup of G. If p™ divides the order of
N(z;) for some j, then, by induction, N(z;) contains a subgroup of order p’
for each i, 1 <i <n. But N(z;) < G, and hence G contains a subgroup of
order p® for each i, 1 < i < n.

Let us now assume that p" does not divide |N(z;)| for any j, 1 < j <.
By Lagrange’s Theorem we have

|G| = [N (2)[[G = N(a;)],

and since p”||G|, we conclude that p divides [G : N(z;)] for all j, 1 < j <.
From the class equation of G:

Gl =12(G)| +Z[G P N (z)]

we now conclude that p divides |Z(G)|.

Z(@G) is an abelian group, and by the Fundamental Theorem for Finite
Abelian Groups, it is isomorphic to a direct sum of cyclic groups of prime
power orders. At least one of these summands must be Z, for some [. But
then p'~'Z, is a subgroup of Z, isomorphic to Z,. We conclude that Z(G)
contains a subgroup N of order p.

Since elements of Z(G) commute with all elements of G, it follows that
N < G. Form the quotient group G/N; it has order p"~'m < |G|. By
induction G/N contains a subgroup of order p’ for every j, 1 < j <n—1. By
the Correspondence Theorem, every such subgroup of G/N has a form K/N,
where K is a subgroup of G containing N. But then |K| = |K/N||N| = p’p =
p’ L. Therefore G contains subgroups of orders p?, ..., p". G also contains
a subgroup of order p, namely N itself, and this completes the proof of the
theorem. |



Definition 20.3. If G is a finite group of order p"m, where p is a prime and
ged(p,m) = 1, then every subgroup of order p™ is called a Sylow p-subgroup
of G.

The first Sylow theorem states that a finite group G contains a Sylow p-
subgroup for every prime p dividing |G|. The Second Sylow Theorem asserts
that all Sylow p-subgroups are related via conjugation.

Theorem 20.4 (The second Sylow theorem) Let G be a finite group and
let p be a prime dividing the order of G. FEvery conjugate of a Sylow p-
subgroup of G is again a Sylow p-subgroup of G. Conversely, every two
Sylow p-subgroups are conjugate in G.

In order to prove this theorem we need two lemmas.

Lemma 20.5. Let P be a Sylow p-subgroup of a finite group G, and let
g € G be an element whose order is a power of p. If g~*Pg = P then g € P.

Proof. The condition g~!Pg means that g € N(P), and so (g) < N(P).
Since P<IN(P), we can apply the Second Isomorphism Theorem, which gives

9P . {9
P {gNnP
Therefore (P
g

and since both [(g)| and | P| are powers of p, so is |(g) P|. On the other hand,
P has the maximal possible such an order, and therefore we conclude that
(9)P = P, which is equivalent to g € P. N

Lemma 20.6. Let G be a group, and let H, T < G. The number of distinct
congugates of H of the form tYHt with t € T is [T : TN N(H)].

Proof. This is a generalisation of Theorem 18.4, and the proof is left as
an exercise. [ |

Proof of the second Sylow theorem. Let |G| = p™m, where p is a prime
and ged(p,m) = 1, and let P be an arbitrary Sylow p-subgroup of G.

To prove the first statement, we note that for ¢ € G we have g~'Pg = P
since conjugation by ¢ induces an automorphism of G (Theorem 17.6). In
particular, |g~!Pg| = | P| = p", and hence g~!Pg is a Sylow p-subgroup.



For the converse statement, denote by K = {P = Py, P,, ..., P.} the set
of all distinct conjugates of P. Assume that there exists a Sylow p-subgroup
@ of G which is not in K. Consider conjugation by elements of ) in . For
any P; € K, choose ¢ € () such that ¢ € P;; by Lemma 20.5 we then have
¢ 'P,q # P;. Therefore, each P; has more than one conjugate by elements
from ). By Lemma 20.6, the number of conjugates of P; by elements from
Q is equal to [@ : Q@ N N(P;)]. Since @ is a p-group, this number must be
divisible by p. We conclude that conjugation by elements in () partitions the
set IC into the classes, each of which has a multiple of p elements. Therefore
k=0 (mod p).

Now consider the conjugation by elements from P. This time P is the
only conjugate of itself, but the remaining elements of K again split into
groups, each having a multiple of p elements. This time we conclude that
k —1 =0 (mod p), which is a contradiction with the conclusion of the last
paragraph. Therefore, we conclude that I contains all Sylow p-subgroups of
G, and hence any two such subgroups are conjugate.

The third Sylow theorem discusses the number of Sylow p-subgroups.

Theorem 20.7 (The third Sylow theorem) Let G be a finite group, and
let p be a prime dividing the order of G. The number of Sylow p-subgroups
of G divides |G| and has the form ps + 1 for s > 0.

Proof. Let P be a Sylow p-subgroup of G. By the second Sylow theorem,
any other Sylow p-subgroup of G is a conjugate of P. By Theorem 18.4, the
number of conjugates of P is [G : N(P)], and this divides |G| by Lagrange’s
theorem.

On the other hand, if = {P = P, P5,..., P} is the set of all Sylow
p-subgroups of G, then we can consider the conjugation in IC by the elements
of P. As in the proof of the second Sylow theorem, the only conjugate of
P is P itself, and the rest of K is partitioned into blocks, each block having
a multiple of p elements. Therefore, k has the form ps + 1 for some s > 0.
[ |

Example 20.8. The symmetric group Sy has order 24 = 233. Therefore, by
the first Sylow theorem we conclude that S; contains Sylow 2-subgroups of
order 8 and Sylow 3-subgroups of order 3. By the third Sylow theorem, the
number of Sylow 3-subgroups divides 24 and is of the form 3k+ 1. Therefore,
there are either one or four Sylow 3-subgroups. Now, each of eight three-
cycles in S, generates a subgroup of order 3, and in this way we obtain
4 distinct subgroups of order 3 in Sy. Therefore, S, contains 4 Sylow 3-
subgroups.



Similarly, the number of Sylow 2-subgroups of Sy is either 1 or 3, and
one may check that there are actually three of them. (The group H from
Example 6.7 is one of them.)

21. Applications of the Sylow Theorems

Sylow’s Theorems are a powerful tool for investigating finite groups. We
shall use them to classify the groups of order less than 16. First, however,
we show how one can use Sylow’s Theorems to prove non-existence of simple
groups of certain orders. (Let us recall that a group is simple if it contains
no proper normal subgroups.) The key observation here is the following:

Theorem 21.1. Let G be a group and let P be a Sylow p-subgroup of G.
Then P is normal in G if and only if P is a unique Sylow p-subgroup of G.

Proof. P is normal < P is closed under conjugation < P is the only
conjugate of itself.

On the other hand, by the Second Sylow’s Theorem, any two Sylow p-
subgroups of GG are conjugate, and hence the theorem. [ |

Example 21.2. There exists no simple group of order 200. Indeed, let G be
a group of order 200 = 2352. By the Third Sylow’s Theorem, the number of
Sylow 5-subgroups of G divides 200 and has the form 5k + 1. The divisors of
200 are 1, 5, 25, 2, 10, 50, 4, 20, 100, 8, 40, 200. The only number from the
above list that has the form 5k + 1 is 1. Therefore, G has a unique Sylow
5-subgroup, which is then normal in G by Theorem 21.1. This proves that
G is not simple.

Example 21.3. There exists no simple group of order 12. For, assume to
the contrary that G is a simple group of order 12 = 223. By the Third
Sylow’s Theorem the number of Sylow 3-subgroups of G is either 1 or 4.
Since G is simple, this number must be four because of Theorem 21.1. Each
of these four subgroups has order 3, and is therefore isomorphic to Z3. By
Lagrange’s Theorem, the intersection of any two of these subgroups must be
trivial. Therefore, G has eight elements of order 3. Next, since G is not
simple, it must contain at least two Sylow 2-subgroups H; and Hs, each of
them having order 4. By Lagrange’s Theorem H; N H, has either one or two
elements. Hence we conclude that G contains at least five elements of order
a power of 2, which contradicts the fact that |G| = 12.

We can also prove the following nice characterisation of nilpotent groups.



Theorem 21.4. A finite group is nilpotent < it is isomorphic to the direct
product of p-groups.

Proof. (Omitted in lectures)
(<) Every p-group is nilpotent by Theorem 19.6, and the direct product of
nilpotent groups is again nilpotent by Theorem 16.9.

(=) Let G be a nilpotent group. Our first claim is that, for an arbitrary
proper subgroup H < G, we have N(H) # H. Indeed, if we choose i so that
7(G) € H but v;41(G) C H, then we have

[VZ(G%H] g [’%(G)vG] = '7i+1(G) g H.

Choose x € v;(G)\H. For every h € H we have x~'hzh™' = [x,h] € H, and
hence x~'hz € Hh = H. Therefore x € N(H)\H, as required.

Next we prove that every Sylow p-subgroup P of GG is normal by showing
that N(P) = G. Assume that N(P) # G. Then N(P) is properly contained
in N(N(P)) by the first claim. Let x € N(N(P))\N(P) be arbitrary. ;From
x & N(P) it follows that 7! Pz is a Sylow p-subgroup distinct from P, while
from z € N(N(P)) and P C N(P) it follows that z='Pz C N(P). This
contradicts Lemma 20.5.

Assume that |G| = p{'...p%", and let P, a Sylow p;-subgroup of G;
by the previous paragraph we have P; < G. By Lagrange’s Theorem we
have P\P,...P, = G and PN (P,...P_1P;y1...P,) = {e}. Therefore, by
Theorem 11.7 we have G = P, x ... X P,, a direct product of p-groups. [

22. Groups of order pqg

It is possible to classify all the groups of order pg, where p and ¢ are distinct
primes: there are at most two such groups, one of them is Z,,, and the other
(if it exists) is a non-abelian group obtained by extending Z, by Z, in a
way similar to direct products. Here, however, we shall not give this full
classification, but shall rather restrict our attention to two special cases.

Theorem 22.1. Let p and q be two distinct prime numbers, with p > q. If
p — 1 is not diwvisible by q then Z,, is the only group of order pq.

Proof. Let G be a group of order pg. By the Third Sylow Theorem the
number of Sylow p-subgroups has the form £p 4+ 1 and divides pq. Note that
the divisors of pq are 1, p, ¢ and pq. Since p > ¢ we must have k = 0, and so
G has a unique Sylow p-subgroup H. By Theorem 21.1, H is normal in G;
also we have H = Z, by Theorem 6.10.



Similarly, the number of Sylow g¢-subgroups is kg + 1 and divides pgq.
Clearly we cannot have kqg+ 1 = q or kq+ 1 = pq. However, we cannot have
kg + 1 = p either, because of the condition that ¢ does not divide p — 1. So
we are left with the only option of G having a unique Sylow ¢-subgroup K.
As for H we now deduce that K <G and that K = Z,.

By Lagrange’s Theorem, the order of H N K must divide both |H| = p
and |K| = ¢, so that H N K = {e}. Also by Lagrange’s Theorem, the order
of HK is divisible by both p and ¢, and so is equal to pqg, which means
that HK = G. By Theorem 11.5 we now have G = H x K, and hence
G =72y, ® Ly = ZLpg by Theorem 12.1. |

Theorem 22.2. Let p > 2 be a prime. The only groups of order 2p are the
cyclic group Zs, and the dihedral group D).

Proof. Let G be an arbitrary group of order 2p. By the Third Sylow’s
Theorem, G has a unique Sylow p-subgroup N. This subgroup has order p,
and is therefore cyclic. Let a € N be arbitrary, so that

N ={e=ad’a,d ..., a" '}

G also contains at least one element b of order 2. Clearly b € N, and since
|G : N| =2, it follows that N and Nb are the only cosets of N in G. Therefore

— _ .0 2 p—1 2 p—1
G={e=a’,a,a%,...,a" " byab,a"b, ..., a"""b}.

The number of Sylow 2-subgroups of G is either 2 or p. Let us consider these
two possibilities separately.

Case 1: G has a unique Sylow 2-subgroup K. By Theorem 21.1 we have
K <G. By Lagrange’s Theorem we must have NNK = {e} and NK = G, so
that G = N x K by Theorem 11.5. Since N = Z,, and K = Z, we conclude
that G = Z,, ® Zy = Zsy, by Theorem 12.1.

Case 2: G has p Sylow 2-subgroups. This means that G has p elements
of order 2. On the other hand none of the elements of N has order 2, so that
all the elements from G\N have order 2. In particular, > = e. But then
from a‘ba’b = e we conclude that ba® = a?~%b, so that

i11d (J/H_kbl 1f = O
(Cl bj)(akbl) = { ai—k+pbl+1 1f:; =1.

This gives an explicit formula for the multiplication in G, and therefore G is
uniquely determined. On the other hand D, is a non-abelian group of order
2p, and so G = D,,. [



23. Groups of small orders

In this section we shall classify all the groups of order less than 16. In doing
this we shall make use of the following general classification theorems proved
so far:

e Z, is the only group of order p (Theorem 6.10);
e Z,2 and Z, & Z, are the only two groups of order p? (Theorem 19.4);

o 7, is the only group of order pq if p — 1 is not divisible by ¢ (Theorem
22.1);

e Zsy, and D, are the only two groups of order 2p (Theorem 22.2);

(p and ¢ denote primes, with p > q).
Actually, the above results cover all the orders less than 16, apart from 8
and 12. We now deal with these two cases.

Theorem 23.1. There are five non-isomorphic groups of order 8, namely
Lg, Ly ® Lo, Lo ® Ly B L, Qg and Dy.

Proof. By the Fundamental Theorem for Finite Abelian Groups, every
abelian group of order 8 is isomorphic to one of the groups Zsg, Z4 & Zso or
Zo @ Ly B Zs. So let us assume that G is a non-abelian group of order 8.

By Lagrange’s Theorem, the possible orders for a non-identity element
of G are 2, 4 and 8. However, G cannot contain an element of order 8, as
(G is not abelian, let alone cyclic. Also, a group in which every non-identity
element has order 2 is abelian; see Tutorial 1, Question 2. We conclude
that G contains an element a of order 4. The subgroup N = {e,a,a?, a®}
generated by a has index 2, and is therefore normal in G.

Let now b € G\N be arbitrary. Then N and Nb are the cosets of N in
G, and so

G = {e,a,a’ a* b,ab,a’b,a’b}.

Since N < G, we must have b~'ab € N. We also know that b~'ab must
have the same order as a does; see Tutorial 2, Question 1. Therefore, either
b=tab = a or b=tab = a®. The former possibility leads to ab = ba, which is a
contradiction with the assumption that G is non-abelian. We conclude that
b=lab = a3, i.e. ba = a®b. Now we have

at*pt if =0
(a'b)(a"b) = { a*3*b ifj=1,1=0
At == 1.



We see that the multiplication in G is uniquely determined once we know b2.
Now, b? cannot be equal to a’b, as this would imply b = a’. Next, we cannot
have b? = a, as this would imply G = (b). Finally, we cannot have b* = a?,
because it implies b°® = a” = a, and so G = (b). Therefore b? is equal either
to e or to a?, giving two possible multiplications on G. We conclude that
there are at most two non-abelian groups of order 8.

On the other hand, the groups ()s and D, are non-abelian of order 8.
Moreover, one may verify that they are not isomorphic just by looking at the

orders of elements (see Tutorial 5, Question 5). Hence the theorem. |

Now we turn our attention to groups of order 12. We already know that
Dg and A, are non-abelian of this order. The following example exhibits
another group of order 12.

Example 23.2. Let T be the subgroup of S15 generated by the permutations
(123456)(789101112) and (17410)(21259)(3 116 8). By using the
standard method for calculating a group given by its generators we can see
that

T ={id, (123456)(789101112), (135)(246)(7911)(81012),
(14)(25)(36)(710)(811)(912), (153)(264)(7 11 9)(8 12 10),
(165432)(712111098), (17410)(21259)(31168),
(18411)(27510)(31269), (19412)(28511)(376 10),
(11047)(29512)(38611), (11148)(21057)(396 12),
(11249)(21158)(31067)}.

The orders of elements of T  are 1, 2, 3, 3, 4, 4, 4, 4, 4, 4, 6, 6. Similarly, the
orders of elements of Dg and Ay are 1, 2, 2,2, 2,2, 2,2, 3,3,6,6 and 1, 2,
2, 2,3, 3,3, 3,3, 3, 3, 3 respectively. Therefore, we see that T is a group of
order 12 which is not isomorphic to Dg and Ay.

Theorem 23.3. The only groups of order 12 are Zis, Zo @ 7y ® Z3, D¢, Ay
and T.

Sketch of proof. By the Fundamental Theorem for Finite Abelian Groups,
the only abelian groups of order 12 are Zo @ Zy ® Z3 and Zy ® Z3 = 742.
So let G be a non-abelian group of order 12, let s; be the number of Sylow
2-subgroups of GG, and let s3 be the number of Sylow 3-subgroups of G. By
the Third Sylow Theorem we have s, = 1 or s, = 3, and also s3 = 1 or
s3 = 4.



If ss = s3 = 1, then G has a unique Sylow 2-subgroup N and a unique
Sylow 3-subgroup K. They are both normal in GG, and a standard argument
proves that G = N x K. However, |[N| = 4 and |K| = 3, and hence they are
both abelian. But then so is G, which is a contradiction.

If s = 3 and s3 = 4, then G would have eight elements of order three,
and a further six elements of order power of 2 (see Example 21.3). This
contradicts the fact that |G| = 12.

If s3 = 1 and s3 = 4, then GG has a unique Sylow 2-subgroup N of order 4.
N is isomorphic either to Z,4 or to K4. The former case, however, leads to a
contradiction, and so N = K,. By a standard argument one can now attempt
to reconstruct the multiplication for G. One obtains two possibilities, but
they turn out to define isomorphic groups. Therefore, in this case we obtain
at most one group.

Finally, if s, = 3 and s3 = 1, one obtains further two possible multiplica-
tions on (G, thus giving a total of at most three non-abelian groups of order
12.

To complete the proof, one has to show that Dg, A4 and T are non-
isomorphic, which can be done by calculating the orders of their elements.

We have completed our classification of groups of order less than 16. The
results are summarised in Table 4.2. Let us mention that the number of
groups of order 16 is 14, and the number of groups of order 32 is 51. There
is no known formula giving the number of groups of order n.



‘ order ‘ groups ‘ reference

1 (e)

2 Zo Theorem 6.10
3 Zs Theorem 6.10
4 Ly, Lo D 7o Theorem 19.4
5 Zs Theorem 6.10
6 Zg, D3(= Ss) Theorem 22.2
7 Loy Theorem 6.10
8 Zg, Z4 D ZQ, ZQ D ZQ D ZQ Theorem 23.1
9 Zg, Z3 D Zg Theorem 19.4
10 Zao, Ds Theorem 22.2
11 AR Theorem 6.10
12 Zlg, ZQ @D ZQ @D Zg, D6, A4, T | Theorem 23.3
13 Z13 Theorem 6.10
14 Zng, Dy Theorem 22.2
15 Zns Theorem 22.1.

Table 4.2: groups of order < 16




