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1. A permutation group G ≤ SX is said to be transitive if for all i, j ∈ X
there exists σ ∈ G such that iσ = j. Prove that every group is isomorphic
to a transitive subgroup of some symmetric group. What is the smallest
n such that Z6 is isomorphic to a transitive subgroup of Sn? What is the
smallest n such that Z6 is isomorphic to a subgroup of Sn?

2. Let n ≥ 1 be arbitrary. For an arbitrary permutation σ ∈ Sn define a
permutation σ ∈ Sn+2 by

σ =

{
σ if σ is even
σ(n+ 1 n+ 2) if σ is odd.

Define a mapping f : Sn −→ Sn+2 by σf = σ. Prove that f is a
monomorphism (i.e. an injective homomorphism), and that imf ⊆ An+2.
Conclude that every finite group is isomorphic to a subgroup of an alter-
nating group.

3. A homomorphism ρ from a group G to GL(n,F) is called a representation
of G over F, with degree n.
Let G be D4 =< α, β : α4 = β2 = e, β−1αβ = α−1 >.
Define A,B ∈ GL(2,F) by

A =

(
0 1
−1 0

)
, B =

(
1 0
0 −1

)

(i)Show that A4 = B2 = I and B−1AB = A−1.
(ii)Prove that the function ρ : αiβj 7→ AiBj(0 ≤ i ≤ 3, 0 ≤ j ≤ 1) is a
representation of D4 of degree 2.
A representation is called faithful if it is injective.
(iii) Show that ρ is a faithful representation.
(iv) Give an example of a faithful representation of D4 of degree 3.

4. Let H and K be two groups, and let H = {(h, eK) : h ∈ H}. We proved
in lectures that H �H ×K. Prove that (H ×K)/H ∼= K.


